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1 Introduction

Knowledge spillovers from R&D imply that governments should support
R&D activity. Decreasing returns to knowledge (Jones, 1995) might
suggest that the spillovers decline over time. Moreover, the existing
literature on the timing issue find that governments’ support should fall
over time. However, in this paper we find that optimal subsidies to R&D
may be rising over time when the returns to knowledge is decreasing.

A major challenge in designing R&D policies is to determine the mag-
nitude of the external effects associated with R&D activities (Griliches,
1995; Jones and Williams, 2000; Klette et al., 2000). One major compo-
nent of the external effects consists of knowledge spillovers. By knowl-
edge spillovers we mean that the knowledge generated from firms’ R&D
activity spills over to other firms and expands later R&D opportuni-
ties. These spillovers are external to the individual firms and should be
targeted by policy measures, e.g. subsidies. An R&D policy aimed at
correcting the external effect requires estimates of the size of the knowl-
edge spillovers. Further, the R&D policy modeling also needs to address
the timing of the government support to R&D activity. Support to R&D
should change over time if the magnitude of knowledge spillovers differs
between time periods.

The literature on the timing issue is rather limited. One of the few
studies that analyze the change in optimal R&D subsidies over time is
Perez-Sebastian (2007). Perez-Sebastian (2007) develops a growth model
with imitation of foreign ideas. There is a negative externality from R&D
activity stemming from reduced imitation opportunities as the economy
accumulates knowledge. By numerical simulations he shows that R&D
subsidies should be rising over the transition path towards the balanced
growth path. However, the main driver of this result is the reduction in
the imitation externality over time rather than changes in the knowledge
spillovers.

There are some studies of the timing issue for subsidies to environ-
mental technologies. The timing of optimal environmental R&D subsi-
dies is studied by Gerlagh et al. (2008 and 2009). They develop a the-
oretical growth-model and find that the optimal R&D subsidy rate to
abatement technologies falls over time. However, their finding is stem-
ming from inefficiencies in the R&D market related to limited patent
lifetime rather than from a change in the size of knowledge spillovers
over time. Kverndokk and Rosendahl (2007) find that newly adopted
technologies should be subsidized more than older technologies in a the-
oretical model where learning effects are analyzed. The learning effects
are strongest for newly adopted technologies so that the optimal sub-
sidies decrease over time, as the learning effects diminish. Their tech-
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nology externalities, however, come from learning effects, as opposed to
R&D externalities generated by optimizing R&D firms. Heggedal and
Jacobsen (2008) analyze environmental R&D subsidy reforms within a
computable general equilibrium model of the Norwegian economy. They
find that an R&D subsidy rate decreasing over time generates the most
efficient outcome. However, it is not clear whether their result both
constitutes the optimal time profile and holds for R&D within other
economies in general.

In this paper we study how the inefficiency caused by knowledge
spillovers influence the timing of optimal R&D policy. We solve numer-
ically an intertemporal maximization problem where the government
chooses optimal R&D subsidy rates in each period. We find that an
elasticity of scale larger than one in the R&D production function im-
plies increasing subsidy rates, while an elasticity of scale smaller than one
implies falling subsidies. Further, the simulations give constant optimal
subsidy rates over time if the elasticity of scale is equal to one.

There are various estimates of the output elasticities of the inputs
to the R&D production function, e.g. the elasticities with respect to
knowledge and labor!'. However, most studies find the elasticity of scale
in the R&D production function to be larger than one, which implies
that increasing R&D subsidies are optimal. Hence, we arrive at the
opposite conclusion compared to the existing literature on the timing
issue for subsidies to environmental technologies discussed above.

The intuition behind our results is found by considering how a mar-
ginal increase in the stock of knowledge affects future production of
knowledge. First, the productivity gain from a new idea is declining
in the size of the knowledge stock if the output elasticity with respect
to knowledge is smaller than one, i.e. decreasing returns to new ideas
(Jones, 1995 and 1999). Hence, this effect contributes to diminish the
external effect from R&D conducted in later periods as the stock of
knowledge grows. Second, a marginal increase in the stock of knowledge
also generates an expansion of labor into research, which contributes to
increase the production of knowledge. The intuition behind this effect
is that the productivity of the R&D firms increase when the stock of
knowledge increases. Profit maximizing R&D firms hire more workers
when their productivity increases, and this contributes to expand the fu-
ture production of knowledge. Hence, this effect contributes to increase
the external effect of R&D as more workers will utilize the knowledge in
future periods.

The total increase in future production of knowledge generated by a

!See Porter and Stern (2000), Gong et al. (2004), Abdih and Joutz (2005), Pessoa
(2005), and Samaniego (2007) for estimates of the elasticities.



marginal increase in the stock of knowledge is constant over time when
the elasticity of scale equals one, as the second effect cancel out the first
effect. These effects have proven crucial for the optimal differentiation of
R&D subsidies between sectors. Heggedal (2008) finds that the emerging
technology with the smaller knowledge stock should be subsidized more
(less) if the scale elasticity is smaller (larger) than one.

The paper is organized as follows. The model is laid out in Section
2, while Section 3 analyzes the optimal time profile of the subsidy rates
to R&D using simulations. Section 4 concludes.

2 The model

In order to analyze how the externalities from knowledge spillovers af-
fect the optimal distribution of policy incentives across time, we only
model the R&D industry. We abstract from the rest of the economy
in order to focus on the underinvestment in R&D caused by the knowl-
edge spillovers. We assume that the R&D industry is relatively small
compared to the whole economy, so that input and output prices are
constant. Section 3.1.3 relaxes this assumption.

In the model private R&D firms enter the market in each period and
produce patents without taking into account that their production of
knowledge spills over to future R&D. The social planner maximizes the
discounted social surplus and sets optimal subsidies for the whole time
period to correct for the externality stemming from knowledge spillovers.

2.1 The Technology

The aggregate production of new patents (knowledge) in the economy
is given by the type of production function that is used in endogenous
growth models with horizontal innovation, e.g. Romer (1990), and with
vertical innovation, e.g. Aghion and Howitt (1992):

Xt = Az?—lL?a (1)

where X, is the production of patents, L, is the labor input, A € [0, 1)
is the output elasticity with respect to labor, A; ; is the accumulated
patents from previous periods, i.e. the knowledge stock, and ¢ is the
output elasticity with respect to patents, i.e. the spillover parameter.
The decreasing returns with respect to labor on an aggregate level is
motivated by heterogeneous productivity between research projects in
the R&D industry (see the following section). The spillover parameter
reflects the effect of the existing knowledge stock on the production of
new patents. We do not restrict the values ¢ can take: ¢ > 1 gives
increasing returns to knowledge and ¢ < 1 gives decreasing returns to



knowledge (¢ < 0 gives negative spillovers , i.e. "fishing out" effect).
The elasticity of scale in R&D production equals ¢ + .
The knowledge stock evolves according to

t
Ar=Aa+ Xy = Z Xi, (2)
i=0

where X is the initial knowledge stock.

2.2 The R&D industry

The firms in the R&D industry sell patents at a given price. We assume
that all patents have the same value in the market, i.e. all the firms face
the same patent price P.

When a patent is produced, the knowledge embedded in the patent
is freely available to other firms in future periods, i.e. the knowledge
stock is a public good. The firms do not take into account that their
patent production influence the productivity of future R&D. We assume
that there are no other externalities. Hence, the only externality in our
model stems from the knowledge spillovers.

Further, in each period there is a continuum of research projects with
different productivity. A high productivity project requires less labor to
produce a patent than a low productivity project. The individual firms
are entities with private information of one of the research projects. In
each period the firms decide whether to enter the industry and sell the
patent to the given price P.

There is free entry into the industry and the least productive firm
to enter earns zero profit, i.e. on an industry level there are decreasing
returns to labor. The firms take the wage rate w, the unit subsidy rate
on labor z;, and P as given, and firms enter the industry until

0X
Pa—L: — (w+2) =0, (3)
where ‘g—f: — MAY_ L} follows from (1). The free entry condition given
by (3) can be solved for L; to get the labor demand in the R&D industry:
1
) 1—X
L= (ij_;f) forall t =1,....1, .. (4)

2.3 The Social planner

The social planner maximizes the social surplus 5SS over the infinite-
horizon by setting the subsidy rate in each period. The social surplus is
given by

SS=PS+GS, (5)
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where PS' is the producer surplus, and G S is the governmental surplus.
GGS, which is a cost for the government, is given by the discounted
value of the R&D subsidies:

o0

GS=-)_ S ——) (6)

— (14r)!

where r is the discount rate, i.e. the interest rate. PS is given by the
discounted value of the private R&D firms’ profits:

r)

The second term in equation (7) equals G'S from equation (6), implying
that the producers’ extra revenue from subsidies equals the governmental
cost of the R&D subsidies. Then the social planner problem is reduced
to maximizing the present value of patent production:

- 1
PS:Z(l_}_—t—l(PXt_FZtLt_th) (7)
t=1

[ee]

1
— ~__PX,—wl 8
{glﬁgltz;(ljtr)“ L ®

s.t. Li(z) > 0,(1),(2) and (4).

To solve this planner problem analytically to find the optimal time
profile of the subsidy rates proves to be difficult due to the complexity
of the dynamics in the problem. Rather, we solve this planner problem
by numerical simulations in the following section.

Before we move on to simulations, we illustrate by a simple example
that the scale elasticity is crucial for the development of the knowledge
spillovers over time. Consider the unregulated equilibrium where there
are no subsidies, i.e. z; = 0. Rearranging the first order condition from
equation (4) when z; = 0 and using (1) gives the production of patents in
the unregulated equilibrium as a function of the knowledge stock, A; 1,
and the parameters P, A, w and ¢:

A
PA\TX o
Xt(—) A7, )

We see that the production function (9) is homogenous of degree %
If ¢ + A = 1, then the production function is homogenous of degree
1, implying constant returns to knowledge on production, i.e. constant
spillovers over time. If ¢ + A < 1 (¢ + A > 1), then there is decreas-
ing (increasing) returns to knowledge on production, and the spillovers

decrease (increase) over time.



Intuition behind the effect of the scale elasticity on the spillovers can
be gained by noticing that there are two opposing effects from a larger
knowledge stock on the patent production. First, the labor input grows
as R&D productivity improves when the knowledge stock grows. This
effect gives that the patent production is increasing in the knowledge
stock. Second, there is less productivity gain from new knowledge when
the knowledge stock is large. This effect gives that the patent production
is decreasing in the knowledge stock. The scale elasticity determines
which effect is dominating in the unregulated equilibrium.

That the scale elasticity determines whether the spillovers increase or
decrease over time in the unregulated equilibrium may suggest that the
scale elasticity is also important for the timing of the optimal subsidies.
However, since the optimal subsidies depend on the knowledge spillovers
to all future periods, and vice versa, we cannot calculate how the optimal
subsidies develop over time. Thus, we proceed to analyze the optimal
subsidies by numerical simulations.

3 Numerical analysis

To concentrate on the spillovers and the subsidy profiles, we assume that
all exogenous variables and parameters are constant over time. To make
the results following from different combinations of ¢4+ A comparable, we
adjust the wage rate, w, so that the production level in the unregulated
equilibrium, i.e. the production when there are no subsidies, in the first
period is the same in all scenarios. The numerical solver sets the subsidy
rates for all time periods simultaneously, and finds the combination of
subsidy rates that maximizes the social surplus. See appendix A for a
parameter list.

First we run 3 scenarios where we show the optimal subsidy rates
for different scale properties. To make sure that the results from the
simulation model are not affected by its finite horizon, we have run the
model for different horizon lengths. Since there are no spillovers after
the last period of the simulations, the optimal subsidy rates always go
to zero at the end of the horizon, so we focus on the subsidy rates in
the earlier periods of the simulations. By varying the horizon length, we
find the length of which the simulated subsidy rates in the early periods
do not change. In figure 1 the subsidy rates for two different horizon

lengths when the scale elasticity equals one are seen?.

2See appendix A for the parameter values used in the figures.



Figure 1
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The subsidy profiles in the first 20 periods are approximately unal-
tered when the number of simulation periods exceeds 125, suggesting
that the first 20 periods mimics the solution to the infinite horizon prob-
lem. Since we are interested in the solutions to the infinite problem,
we only study the first 20 periods of the simulations. The subsidy rate
is approximately constant in the first 20 periods, implying that a scale
elasticity equal to one is sufficient for constant subsidies. We have run
the simulation model for different parameter values in the case of a scale
elasticity equal to one, and the subsidy profiles are always constant.
This suggests that the spillovers in optimum follows the same dynamics
as the spillovers in the unregulated equilibrium, so that the two oppos-
ing effects of increasing knowledge stock, increasing labor input due to
higher labor productivity and less productivity gain from new knowledge
when the knowledge stock is large, just offset each other when the scale
elasticity equals one.

Figure 2 and figure 3 show the optimal subsidy rates the first 20
periods of the simulations for scale elasticities in the R&D production
function larger and lower than one.



Figure 2

Scale elasticity larger than one
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Figure 3

Scale elasticity lower than one
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Figure 2 and figure 3 show that the optimal subsidy rate is increasing
when the scale elasticity in the R&D production function is larger than
one, and that the optimal subsidy rate is decreasing when the scale elas-
ticity is lower than one. The simulations suggest that the mechanisms
from the simplified example with no subsidies apply to the optimal solu-
tions with subsidies as well. The intuition behind this result follows from
that the scale elasticity determines the knowledge spillovers through the
two opposing effects mentioned above. First, the spillovers are increasing
in the knowledge stock because the labor input is large in late periods due
to high marginal labor productivity. Second, the spillovers are declining
in the knowledge stock because there is less productivity gain from new
knowledge when the stock is large. These simulations do not prove the
relation between the scale elasticity and the subsidy rate profile. How-
ever, we have tested for different parameter values, and all simulations
give the same results with respect to the scale elasticity and the time
profile of the subsidy rate.
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Also for these scenarios we have run several sensitivity analyses, vary-
ing the values of the different parameters. The results have shown robust
to these tests.

3.1 Extensions.

In the following we do separate 3 extensions and study how these affect
the optimal subsidy rates. First we introduce a constraint on the subsidy
amounts. Then depreciation of knowledge is introduced into the model,
making non-increasing knowledge stocks possible. Finally, we introduce
endogenous wages into the model.

3.1.1 Governmental budget constraint

Governmental subsidization has to be financed by taxes. To represent
the costs of taxation, we introduce a constraint to the subsidy amounts
so that the social planner has to decide between subsidizing now and
subsidizing later. We study the case of a governmental budget con-
straint by simulating the previous scenarios with increasing knowledge
stocks, and constraining the present values of the subsidies to equal 50
% of the present values of the corresponding unconstrained scenarios.
The simulated subsidy profiles are unaltered when introducing a bud-
get constraint on the subsidies, implying that the governmental budget
constraint only has a level effect, and not a profile effect, on the subsidy
rates.

3.1.2 Non-increasing knowledge stock

If one interprets the knowledge stock in our model as only the knowledge
that is contributing directly to the production process, a non-increasing
knowledge stock might not be unrealistic. To allow for this, we expand
our numerical model to include depreciation of knowledge, represented
by a constant depreciation rate. The function for the knowledge stock
is updated to

Ar=(1-0)A1 + Xy,

so that .

A=) (1-0)7'X;,
=0
where 0 is the depreciation rate. The simulated subsidy rates are con-
stant over time for all scale elasticities if the depreciation rate keeps the
knowledge stock constant over time. The intuition is that the economic
environment is the same for all periods when the knowledge stock is con-
stant, i.e. without subsidies the private firms produce the same output
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in all periods. This implies that the undersupply of R&D is the same in
all periods. Thus, the optimal subsidy rate is constant®.

In the decreasing knowledge stock scenario the connection between
the subsidy rates and the scale elasticity is reversed from the scenario
with an increasing knowledge stock. The reason is that the dynamics of
the social planner’s maximization problem is reversed when the knowl-
edge stock decreases over time compared to when the knowledge stock
is increasing. Hence, the subsidy profiles in the scenario with a decreas-
ing knowledge stock are reversed from the scenario with an increasing
knowledge stock. The results stand for all the parameter values we have
tested for.

3.1.3 Endogenous wage rates

A constant wage in the R&D industry, which we have assumed, may be
a reasonable approximation if the R&D industry constitutes a small part
of the total economy. However, if R&D’s share of labor gets large, R&D
wages have to increase relatively more than other industries to attract
workers. The simulations are repeated with the following wage equation
to allow for endogenous wages:

11—«
L Ta
= (L—> o, (10)

where Ly and wy are base year values for labor and wage in the R&D
industry, L, and w, are the corresponding current values, and « is the
scale elasticity in an outside industry that use labor from the same pool
as the R&D industry. If the elasticity of scale in the outside industry
equals 1, i.e. a = 1, there is no extra costs of using more labor in the
R&D industry, so we get the same constant wage as before. The reason is
that constant returns to scale in the outside industry implies a constant
marginal product of labor (MPL) in that industry.

If there are decreasing returns to scale in the outside industry, i.e.
a < 1, the MPL increases for the outside industry as more labor is
allocated to R&D, and the wage rate increases. Simulations for @ < 1
gives both lower optimal subsidies and optimal subsidies that are more
decreasing for all scale elasticities. This means that a scale elasticity
equal to one no longer is the threshold for when the time profile of the
optimal subsidy rate changes from increasing to falling, i.e. it is possible
to get falling subsidies whether the scale elasticity is lower, equal or
larger than 1. In other words, the threshold for when the subsidy profile
change sign from increasing to falling is higher the more the wage to

3To see this note that the maximization problem given by (8) is the same if we
start from period ¢ as if we start from period ¢ +n (n € (1,00)), when A is constant.
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R&D increases. The intuition is that higher wages, due to growing labor
input in the R&D industry, reduce the expansion of labor into research
in future periods following from increased productivity. This contributes
to lower the increase in production in future periods, and thus reduce
the knowledge spillovers.

4 Conclusion

How governments should engage in policies to spur R&D activity from
private firms is an important policy question since the research markets
are riddled with inefficiencies. In this paper we explore how one of
these inefficiencies - externalities from knowledge spillovers - affects the
distribution of policy incentives across time.

We find that the time profile of the optimal subsidy rates to R&D
is determined by the elasticity of scale in the R&D production function.
An elasticity of scale larger than one implies increasing optimal subsidy
rates, while an elasticity of scale smaller than one implies falling optimal
subsidies. Further, constant subsidy rates over time are optimal only if
the elasticity of scale is equal to one.

The intuition behind this result is that the scale elasticity deter-
mines the knowledge spillovers through two opposing effects. First, the
spillovers are increasing in the knowledge stock because the labor in-
put is large in late periods due to high labor productivity. Second, the
spillovers are declining in the knowledge stock because there is less pro-
ductivity gain from new knowledge when the stock is large.

We also consider a second best case with a limited governmental
budget for R&D subsidies. The budget constraint has no effect on the
time profile of the optimal subsidy rates, only a level effect.

However, if the R&D industry is large relative to the rest of the
economy, increasing wages may reduce knowledge spillovers and make
the time profile of the optimal subsidy rates more falling, for given elas-
ticity of scale.

The size of the output elasticity parameters is an empirical question.
There are some studies that estimate the parameters in the aggregate
R&D production function. Both Porter and Stern (2000) and Pessoa
(2005) find a scale elasticity larger than one. In another study, Gong et
al. (2004) find a scale elasticity smaller than one, though, the results are
not significant. Another approach is Jones and Williams (2000), where
the calibrated ranges of output elasticities all give an elasticity of scale
larger than one. Further empirical research is needed to establish the
significant ranges for the output elasticities.

In this paper we have only included one externality in the research
market. Other externalities, e.g. monopoly prizing, creative destruction,
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and research congestion, may also influence the optimal time profile of
subsidies. This is a venue for future research.
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5 Appendix A: Parameter list

The following values were used in all simulations:

Ay 500000

P 1

r  0.07

T 125
XJF 12500
UE=Unregulated equilibrium.

Y

The tables below show the different parameter values for ¢ and \
that were simulated. The values marked with * are the values used in
the figures.

Scale elasticity = 1

Closl [oa] (03] [oe] [ose] o] (o] 0] 0]

Scale elasticity < 1

A 0.9 0.25—-0.6 0.45
0] 0.45 0.7 0.475*
A |01—-054( [0.2-0.29 0.5*

Scale elasticity > 1

¢ [0.105 0.45 0.56 — 0.6 [0.525* | [0.55 0.7
Al 09 0.56 — 0.59 0.45 0.5 0.55| [0.31 - 0.39

0.1-0.25](0.35

15

¢ [0.05 — 0.09 0.1 0.1—0.54} [ 0.25 } {0.35} {0.4—0.55
0.1
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