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1 Introduction

A primary reason for the substantial growth in the availability and use of panel data
in econometrics during the last thirty years is the opportunity that such data give for
identifying and controlling for unobserved heterogeneity which may affect the estima-
tion of slope coefficients and other parameters of interest from cross-section data, time-
series data, or repeated (non-overlapping) cross-sections. It is well known [see e.g., Bal-
tagi (2001, chapters 2 and 3), Balestra (1996), and Matyds (1996)] (i) that the potential
nuisance created by fized (additive) individual heterogeneity in OLS estimation can be
eliminated by measuring all variables from their individual means or taking individual
differences over time, (ii) that the potential nuisance created by fized (additive) time
specific heterogeneity in OLS estimation can be eliminated by measuring all variables
from their time specific means or taking time specific differences over individuals, and
(iii) that efficient estimation in the presence of suitably structured random individual or
time specific heterogeneity, can be performed by (Feasible) Generalized Least Squares.

It is, however, possible to construct such aggregate estimators from disaggregate
building-blocks. Approaching estimation in this way, is far from an algebraic exercise. It
is illuminating primarily because we can utilize the fact that regression coefficients can be
estimated consistently from parts of a panel data set in a large number of ways and that
some disaggregate estimators are more robust to bias than others. We can, for instance
apply all observations from one or two individuals or from one or two periods only. By
combining an increasing number of individual specific or period specific estimators, we can
include an increasing part of the observations until, at the limit, we utilize the full panel
data set. Such an investigation is interesting on the one hand because several familiar
estimators (within, between, generalized least squares etc.) for coefficients in panel data
models can be interpreted as known linear combinations of elementary estimators, on the
other hand because we get suggestions of other estimators along the way.

The paper is structured as follows. After describing the model and some ways of
transforming it (Section 2), we first, in Section 3, define ‘disaggregate’ ‘within individ-
ual’” and ‘within period’ estimators, each of which can be given either an OLS or an
Instrumental Variables (IV) interpretation. In Section 4, a more general moment esti-
mator, obtained by an arbitrary weighting of these elementary estimators as well as its
variance-covariance matrix, is constructed. We next reconsider nine familiar estimators
of a slope coefficient vector in a linear regression equation for panel data with two-way
random or fixed effects, three of which are ‘within (group)’, two are ‘between (group)’
estimators related to individual or time variation, one is the standard OLS (Ordinary
Least Squares) and three are Generalized Least Squares (GLS) estimators. We show

that these ‘aggregate’ estimators can all belong to this class and demonstrate that our



general estimator contains not only the nine estimators mentioned above, but also several
others which are more robust to violation of the standard assumptions in random coefhi-
cient models. In this process, some textbook results [Maddala (1977, section 14-2) and
Hsiao (2003, section 2.2)] and some results in Bigrn (1994, 1996) are generalized. Both
a standard regression framework and situations with simultaneity (correlation between
individual effects, period effects, and/or disturbances on the one hand and the regressor
vector on the other) and situations with random measurement errors in the regressor
vector are considered. Among the latter estimators we select estimators which are more
robust to simultaneity and measurement errors and more efficient than the ‘disaggregate’
estimators. Finally, an empirical illustration of robustness and efficiency loss, relating to

manufacturing productivity, is given.

2 Model, notation, and transformations

Consider a linear regression equation relating y to a vector of K (stochastic) regressors

x, with data set from a panel of N ( > 2) individuals observed in 7' ( > 2) periods:

(21) yit:k+mitﬁ+6it7 6it:ai+’yt+uit7 Zzl)ant:177T)
where y;; and x;; = (215, ...,Tki) are the values of y and @ for individual ¢ in period
t, B = (B1,...,0K)" is the coefficient vector, o; and 7; are random effects specific to

individual ¢ and period t, respectively, u; is a genuine disturbance, and k is an intercept
term. It is, however, possible to interpret a; and 7, as fixed effects, see Section 5. At the

moment, we make the standard assumptions for two-way random effects models,

(22)  wg ~1ID(0,0%), a; ~1D(0,0%), 7 ~I1ID(0,02), i=1,....N; t=1,...,T,

2.3) Ui, Oy, Vi, Ty are independently distributed for all ¢ and ¢,

which imply
(24)  E(ey|X) =0, E(e;€is| X) = 5@'03 + 5t50—3/ + 5ij5t502a

where ¢;; =1 for i =j and =0 for i # j, and §;; =1 fort = s and =0 for ¢ # s, and X
is the (NT x K) matrix containing all the x;;’s. Some of the assumptions in (2.2) and
(2.3) will be relaxed later on.

The individual specific vectors and matrices, of dimension (7" x 1) and (7" x K),
respectively, and the period specific vectors and matrices, of dimension (N x 1) and

(N x K), respectively, are

Yi1 i1 Y1t Tt
Y. = ) XZ: y Y = ) X't: 5

YiT T YNt TNt



which are stacked into

Y. Xl- Y X.l

YN- XN Y.r X.T
Further, let ey be the (H x 1) vector of ones, I the H-dimensional identity matrix,
Ay = eyey/H, By = Iy — Ay and let a = (ay,...,ay) and v = (yq,...,77) "
Alternative ways of writing (2.1) are then
(2.5) v, =erk+ X;.8+¢€., €. =epa;+vy+u,., i=1,...,N,
(26) y‘t:eNk+X't/6+€'t7 E-t:a+6N’)/t+u.t7 t:].,...7T,
where €;., u;., €., u.; are defined in similar way as y,. and y.;, and after deducting global
means we obtain
(2.7) Y.~ =(X;—X)B+€.—€ € —€=ep(a;—a)+ By +u;. —1,
2.8) Y~ = (Xi—X,)B+€1—&, €1—&=Bya+ey(y—7)+ u.i—1is,
where a = (1/N) Zia’ia :}/ = (1/T) Zt’}/tv X = (1/N) 22X17 X* = (1/T) ZtX'ta

Yy = (1/N) Zyz y Yy = (1/T) Zty ty etc. Premlﬂtiplying (25) by BTv (27) by AT7
(2.6) by By and (2.8) by Ay, give, respectively,

—

Ap(y;. —9) = Ap(Xi — X)B+ Ap(e- —§),
(2.10) Byy., = ByX.B+ Byeq,

Ay, —8.) = AnX4—X)B+ Ay(er — €).

We let W, V| B, and C, with appropriate subscripts, symbolize matrices containing
within individual, within period, between individual, and between period (co)variation,
respectively. Define individual specific and period specific cross-product matrices as
follows:

Wixxij =X BrX;. =Y (@i — &) (zjs — T;.),
WX'YZ - XZ' BT'-Y = Zt:l(m’it - ml) (%f - ’7)7
Vixxis =X, By X.; =N (@it — 1) (Tis — T-5),

(2.12) , K N § t,s=1,...,T,
Vxa=X Bya=Y;"1(xyi—T4) (a; — @),

(2.11)

(2.13) Bxxi = (X {_()/AT(X -X) = i T(z; —53)/(‘52‘_- - ), i=1,....N
Bxaii = (X — X)'ep(a; —a) = T(Z;. — %) (0 — @),

aag Cove= (K XA K NE B a
Cxy = (X0 — Xi) ey(v—7) =N@t —2)'(m — ),

etc., where Z;. = (ef/T)X;., T+ = (e /N)X ., T = (epyg/(NT)X = (efn/(TN)) X ..

These matrices have the following properties:



W x xij, which has full rank K if x;; contains no individual specific variables, is
the (K x K) matrix of within individual covariation in the z’s of individuals ¢ and
j, and V x x5, which has full rank K if @;; contains no period specific variables, is
the (K x K) matrix of within period covariation in the z’s of periods ¢ and s. If
individual specific regressors occur, W x x;; has one zero column (and row) for each
such variable, and if period specific regressors occur, V x x:s has one zero column

(and row) for each such variable.

Bxx;; and Cxxy, which have rank 1, are the (K x K) matrices of between indi-
vidual cross-products and between period cross-products of the z’s of individual ¢

and period ¢, respectively.

W x+i is the (K x 1) vector of within covariation of the z’s of individual ¢ and the
period specific effects, V x o is the (K x 1) vector of within covariation of the z’s
of period ¢ and the individual specific effects, Bx; is the (K x 1) vector of between
cross-products of the x’s of individual ¢ and its individual specific effects, and C'x¢
is the (K x 1) vector of between cross-products of the z’s of period ¢ and its period

specific effects.

Premultiplying the two equations in (2.9) by X/ By and (X;. — X)’'Ap, respec-

tively, and premultiplying the two equations in (2.10) by X/ B, and (X.; — X,) Ay,
tPN N

respectively, while using (2.11)—(2.14), we get

(2.15) Wixyii =WxxiiB+Wxeain Wi =Wxyi+ Wiy, 6,5=1,...,N,
(2.16) By = Bxxii B+ Bxeiis By.;; = Bxoii + Bxvu, t=1,...,N,
(217)  Vixyie =VxxtsB+ Vixeas  Vixeas=Vxat+ Vo, ts=1...T,
(2.18) Cxyu=CxxuB+ Cxays Cxen = Ctht +Cxpu, t=1,...,T

These can be considered ‘moment versions’ of Eq. (2.1),

3 Base estimators and their properties

The fact that Wx;; and have zero expectations when (2.2) and (2.3) are satisfied, in
combination with (2.15) and (2.17) motivate the following N? individual specific and T

period specific estimators of 3:

(3.2)

/BWij = W)_(lXijWXYij = (Xi/~BTXj~)71(X{‘BTyj-)a
(X'/tBNX-s)_l(X'ItBNy-s)u

2 _ys—1
BVts - VXthVXYts

We denote them as base estimators, or disaggregate estimators, of 3. They can be given

the following interpretations:



(i) ,@W“- 18 the OLS estimator based on observations from individual i, and ,BWU, for
J # 1, is the IV estimator based on the ‘within variation’ of individual j, BpX .,
using the ‘within variation’ of individual i in X;., By X;., as IV matriz.

(i1) ,tht 1s the OLS estimator based on observations from period t, and ,Bws, fors #£t,
is the IV estimator based on the ‘within variation’ of period s, B X .s, using the

‘within variation’ of period t in X .+, BnX ., as IV matrix.

All these N24T? estimators exist if all elements of x;; vary across individuals and periods,
since this usually ensures that W x x;; and V x x4s have rank K.

If individual specific variables occur, so that W x x;; contains one or more zero rows
and columns, their coefficients cannot be estimated from (3.1), but estimators for the
coefficients of the other, i.e., the two-dimensional or period specific variables, can be
solved from W y XijBWij = W xy,j. Likewise, if period specific variables occur, so that
V x xts contains one or more zero rows and columns, their coefficients cannot be estimated
from (3.2), but estimators for the coefficients of the other, i.e., the two-dimensional or
individual specific variables, can be solved from V y thf'}ws =V xyvis-

Since inserting for W xy;; from (2.15) and for V xy+s from (2.17) in (3.1) and (3.2)

gives, respectively,

(3'3) 'BWij -B= W)_(le‘jWXeij = W)_(lXij(WX'yi + WXUij)7 i,j=1,...,N,
(3.4) Bvis — B=ViiVxeas = Vixi(Vxar + Vxus), t,s=1,...,T,

and (2.2) and (2.3) imply

(3.6) E(Vxus|X) = E(Vxa|X) =0k, t,s=1,...,T,

we know that BWZ-J- and ths are unbiased estimators for 8. Furthermore, BWZ-]- is
consistent when 7' — oo (T'-consistent, for short), since then plim(W y;/T) = Ok,
provided that plim(W y x;;/T') is non-singular, and By, is consistent when N — oo (N-
consistent, for short), since then plim(V yx.,/N) = Ox1, provided that plim(V yx x;s/N)
is non-singular.

However, some of the base estimators may be consistent even if conditions (2.2)-(2.3)

are weakened. The following robustness results hold:

[1 ]Since (3.3) does not contain o, all BWij are T'-consistent even if «; is treated as
fized or allowed to be correlated with T;., but if v, is correlated with T.,, all Byy;;
are inconsistent. Symmetrically, since (3.4) does not contain vy, all BWS are N -
consistent even if y, is treated as fived or allowed to be correlated with Z.,, but if o;

1s correlated with @;., all By, are inconsistent.



[2 |Endogeneity of or random measurement error in (some components of) x; may
cause E(x/,u;,) # Or1. Then pim(W x,:/T) # Ok, so that the OLS estimators
Bwu are inconsistent, but the IV estimators BWij (j # i) remain T-consistent.
Symmetrically, we then also have plim(V x,,/N) # Ok1, so that the OLS estima-

tors BVtt are inconsistent, but the IV estimators @WS (s # t) remain N -consistent.

In Appendix A it is shown that when (2.2)—(2.3) hold, the matrices of covariances be-
tween the individual specific and the period specific base estimators, respectively, can be

expressed as

(3.7) C(BWijﬁsz’X) = E[(BW@']’ — B) (B — B)'|X]

2 2 —1 1
= (05 + 60 )W xxiiWxxit W xx1n

(38) C(BVts?Bqu‘X) = E[(BVts - ﬁ)(Bqu - /3)/|X]

_ 2 2 -1 -1
- (Ua + 5sqa )VXthVXtiVXqu7

= Wik @iy — &) (2, — 8.,) Ve ik l=1,...,N,
t,s,p,q=1,...,T.
Eq. (3.7) for (k,l) = (4,7) and (3.8) for (p,q) = (¢, s) give in particular the variance-

covariance matrices

(3-10) V(@Wij|X) = E[(BWij_B)(BWij_ﬁypq
= (@2 + Wi WxxiWik, 6i=1...,N,

(3.11) V(ByislX) = E[(Bvis — B)(Byis — B)'1X]

= (0 +)VikuVxxuVxxa ts=1L....T.
When (2.2)—-(2.3) hold, IBWjj and Bvss are always more efficient than BWij (j #14) and

By (s # 1), respectively, i.e., V(BWij\X) - V(BWjj|X) for i # j and V(By|X) —
V(By 44| X) for t # s are positive (semi)definite matrices. The formal proof of this is

V(B X) = V(Bw,;|X) = (U§ + 022)(Wi%g<ij"[/lXXi¢W;(g(ji jlw;(g(jj)
= (05 + ) (AwxijAwxji — Lk)Wxxjjs
V(By sl X) = V(By sl X) = (03 + 022)(V_)_§1'1)(ts‘/_)1(XttV)_(1Xst __lv)_(les>

= (02 + ) Ay xiAvxs — T) Vs

where

Awxij = WixksWxxijs Ayxis = ViexuVxxis
The latter are the (K x K) matrix of (sample) regression coefficients when regressing the
block of X relating to j, i.e., X ., on the block of X relating to individual ¢, i.e., X;.,



and when regressing the block of X relating to period s, i.e., X.5, on the block of X
relating to period ¢, i.e., X .4, respectively. Here all (A;VlXijA;[,lin —1Iy), j # i, and
all (Ayy, Ay — k), s # t, are positive (semi)definite matrices, provided that all
variables in x;; are two-dimensional.

The structure of the variance-covariance matrices of the estimators is transparent in
the one-regressor case, K = 1. Then (3.7) and (3.10) read
(3.12)  C(Bwij PwulX) = (0»2y+5j102)vﬂ¢wfk, V(G| X) = (03+02)%7

XXij "V X Xkl X Xij

where Wy v, BWU, etc. denote the scalar counterparts to Wy yir, BWij> etc. The
coefficient of correlation between two arbitrary individual specific base estimators for the

slope coefficient can therefore be written as

C(Byyigs Byl X)
IV (Byyif | XV (Byyr | X)) /2
0—3 + 5le2 Wx xik

= = p(e ,E )R .
02+ 02 (WxxiWxxw)/? Jor TR

(3.13) P(BWijaBsz\X)

where Ry v = I/VXXZ-,C/(VVXX“I/VXka)1/2 is the sample coefficient of correlation be-
tween the 2’s of individuals i and k and p(e;,, ;) = (02 +0;0°)/(03402) is the coefficient
of correlation between €, and ¢),. If we therefore consider (2.5) as an N-equation model
with one equation for each individual and with common slope coefficient, p(Byy.;, By 1| X)
is simply the product of the coefficient of correlation between two e disturbances from in-
dividuals (equations) j and [ in the same period, and the coefficient of correlation between
the values of the regressor (instrument) for individuals (equations) ¢ and k. This means
that p(BWZ-j, EWM|X ) has one equation specific component (j vs. [) and one instrument
specific component (i vs. k). For j =1 and for i = k (3.13) gives, respectively,
p(BWij,EWkﬂX):RWXik, for all j; i#k [same equation (individual), different IV],
2

p(BWZ- n BWil]X )= %, for all 4; j#1 [different equations (individuals), same IV].
o2+ao

Symmetrically, (3.8) and (3.11) for K =1 give
2 2 (-2 2 Vx Xtp 2 ) o Vxxu
(314) C(ﬂVtsv Bqu|X) - (Ua + 63(10 )V V. ) V(ﬁVts|X) - (Ua +o )VQ .
XXts" XXpq X Xts
The coeflicients of correlation can therefore be written as

C(BVtm Bqu’X)
[V (By 45| XV (By g | X )12
O-L% + 5sqa2 VXti

p— = 6 ’€, R 5
03+02 (VXXttVXpr)1/2 P( is zq) V Xtp

(315) p(BVts>Bqu|X) =




where Ry vy, = Vi xip/ (VexuVy pr)l/ 2 is the coefficient of correlation between the z’s

in periods t and p and p(e (02 +6,,0%) /(024 0?) is the coefficient of correlation

is> €ig) =
between €;; and €. If we therei’ore consider (2.6) as a T'-equation model with one equation
for each period and with common slope coefficient, p(8y/,,, ﬁqu]X ) is simply the product
of the coefficient of correlation between two e disturbances from periods (equations) s
and ¢ for the same individual, and the coefficient of correlation between the values of
the regressor (instrument) in periods ¢ and p. This means that p(BWS, vaq\X ) has one
equation specific component (s vs. ¢) and one instrument specific component (¢ vs. p).

For s = ¢ and t = p (3.15) gives, respectively,

p(gws, BVPS\X) =Ry xyy, forall s;t#p [same equation (period), different IV],
L 2
P(Byiss ﬁth]X )= _Ja__ forall t; s#q [different equations (periods), same IV].

ol+o0?’

From (3.12) and (3.14) we find that the inefficiency when using the (within) variation
of individual ¢ as IV for the (within) variation of individual j relative to performing OLS
on the observations from individual j and when using the (within) variation of period ¢ as
IV for the (within) variation of period s relative to performing OLS on the observations

from period s, can be expressed simply as, respectively,

10 VOl 1
. V(B ’ ) Aw xij Aw x ji RIQ/VXij ’
V( ﬁvss | X) T AvxisAvxs  Riy,

Hence, R17V2Xij (> 1) and R(/?th (> 1) measure, respectively, the loss of efficiency when
using estimators which are robust to inconsistency caused by simultaneity or random
measurement error in the regressor, (i) by estimating a relationship for individual j by
using as IV observations from another individual, ¢, rather than using OLS, and (ii) by
estimating a relationship for period s by using as IV observations from another period,
t, rather than using OLS.

4 A class of moment estimators

Since each of the N2+ T? base estimators of 3, BWU and Bws, only uses a minor part of
the panel data set, they may not be considered real competitors to estimators constructed
from the complete data set, when (2.2)—(2.3) are valid. And even if these assumptions
are violated by correlation between x;; and wu;, between Z;. and «;, and/or between
Z.; and ~y;, aggregate estimators which are more efficient than any of the IV estimators

BWZ-j (j # i) and By, (s # t) may exist. Yet, the insight provided by examining

10



these base estimators as we have done in th previous section is useful when constructing
composite estimators of 3, of which they can serve as building-blocks.

This motivates the construction of a class of estimators of 3 by weighting the indi-
vidual specific or period specific (co)variation in X and y, as defined in (2.11)—(2.12), as
follows: Let 8 = (0;s) be a (T'x T') matrix and 7 = (75;) an (/N x N) matrix of (positive,

zero or negative) weights and define a general moment estimator as

1
(4.1) b=0b(0,7)= (ZtT:1 S 06 Vixxes + 2o Y TijWXXij)
X (EtT:1 ST 0 Vixyes + 5N, E;Vﬂ TijWXYz‘j) .

Using (3.1)—(3.2) it can be written as a weighted average of the base estimators:

-1
(4.2) b= (Zthl S 06V ixxes + ey Y0 TijWXXij)
X (Ethl 23:1 9tsVXthBVts + Zij\il Zj’vzl TijWXXij:BWij) )

or, in simplified notation,

(4.3) b= L GuisByis + X YN Gwii B,

where G5 and Gyy;; are (K x K) weighting matrices, >, > Gvis +_; > Gwij = Ik,
given by

Gyis = Q_letsVXXt& t,s=1,...,T,
(44)  Gwiy=Q '1i;Wxxij i,j=1,...,N,
Q=Q(0,7) =1 X1 0:Vxxes + it X001 T Wxxij-

None of the latter matrices are symmetric in general. If, however, 6, = 04 for all ¢, s
and 7;; = 7; for all 4, j, then Q' = Q.

The estimator b is unbiased for any 6 and 7 when (2.2) and (2.3) hold, and in
Appendix B it is shown that its variance-covariance matrix is (This formula in the special
case where K =1 and U,Zy = 0 is derived in Bigrn (1994, Appendix A).)

(4.5) VOIX)=Q'P(Q ") =Q0,7) ' P(0,7,0%0.,02)(Q(6, 7)),
where
(46) P = P(g, T, 0'2, 0'370'3,) = UZ(SV -+ SW + va) + O'i ZV + 0'3, Zw,

11



SV_SV ZZVXti (Zets ps>>

N N
Sy =Sw(r :ZZWXsz (Z Tk:j)a

(4.7) Syw =Syw(6,7) Zzzzgts Tij Z,.) (x; — &),

t=1s=11i=1 j=1

)(i%)
o=t -3 S (50 ()

It is easily seen that Sy, = 0 if either 6;; = 0 for all ¢t,s or 7;; = 7 for all 7,7, that
Zy =0if 7 04 = 0 for all t, and that Zy, = 0 1fZ —1 73 = 0 for all 2. The standard

estimators in fixed and random effects models have at least one of these properties, which

N
<
|
N
<
=
I
M%
M%
<
>
5
b
A
[M]=7
<

will be shown in the next section.
By utilizing (4.5)—(4.7), we can estimate V(b|X) consistently from a panel data set

for any Weighting matrices @ and T we may choose when consistent estimators of the

variances 02 a , and 02 have been obtained.

5 Specific aggregate estimators

In this section, we consider specific members of the class of estimators described by (4.1).

Some of these are familiar, others less familiar.

Aggregate within and between estimators

The estimator b contains several familiar estimators for fixed effects models as particular
members. We first establish the weighting system (6, 7) for six such estimators and
comment on other, less familiar estimators which are more robust to violation of the
basic assumptions. The results below generalize those in Bigrn (1994, section 3), where
only one regressor is included (K = 1) and period specific effects are disregarded (v, = 0).
We define, in the usual way [see, e.g., Greene (2003, section 13.3.2)], the (K x K)-
matrices of overall (aggregate) within individual and within period, (co)variation as
(5.1) Wxx =300 Wi = Yy Y (@i — Zi-) (Tir — &),
(5.2) Vxx =2 Vixxu = Yiey Lic1 (@i — Tt) (T — ),

etc. The corresponding overall between individual, and between period (co)variation are

(5.3) Bxx =Yt Bxxii=T Y1 (T — &) (& — &) = (1/T) X[ Y11 Vixxus,
(54) Cxx =X/ Cxxu =N (B — &) (@ — &) = (1/N) T, X0 Wi,

12



etc., where the last equalities are shown in Appendix C. The matrix of overall (co)variation

and its decomposition into within and between variation is
(5.5) Txx =Y~ Y (xi — &) (x4 — &) = Wxx + Bxx = Vxx + Cxx,
which after inserting from (5.1)—(5.4) becomes

(5.6) Txx =Y Wxxii+ (/7)1 Vixxis
=Y Vxxu+ 1/N)TN, E;Vﬂ W xxij-

Finally, the matrix of residual (co)variation, i.e., the (co)variation which remains when
all (co)variation between individuals and between periods is eliminated (also denoted as

the combined within-individual-and-period (co)variation) is

Rxx =YX, YL (@it —&. —&.4+&) (xit— & —&.++%) = Txx—Bxx—Cxx,
(5.7)
which after inserting from (5.3), (5.4), and (5.6) becomes

(5.8) Rxx =Y, (WXX“‘ —(1/N) X35 WXXij)
=3, (VXXtt -1/, VXth) :

We see from (5.6) and (5.8) that T'x x and Rx x can be expressed in terms of the W x x;;’s
and the V x xis in two symmetric ways.

We can now, combining the decompositions exemplified in (5.1)—(5.4) with (3.1)(3.2),
express the familiar within individual, within period, between individual, and between

period estimators of 3 as

(5.9) By = Wik Wyy = (ZfL Wxxn')il (ZfL W xxii Bwu) ;

(5.10) By =VikVxy = (Ethl VXXtt)_l (Zthl Vixxu Evn) :

(5.11) Bp=Bxk Bxy = (23:1 Y VXth>_1 (ZtT:I a1 Vs BVts) ;
(512)  Bo=CxyCxy = (S XN Wixy) (SN SN Wy Buvsg) -

Familiar results from panel data textbooks are: (i) BW and BV, as expressed by the
first equalities in (5.9) and (5.10), are the MVLUE (Minimum Variance Linear Unbiased
Estimator) of 3 in the cases with only fixed individual specific and with only fixed period
specific effects, respectively. (ii) @ p and Elc, as expressed by the first equalities in (5.11)
and (5.12), are obtained by running OLS on relations expressed in terms of individual
specific and in terms of period specific means, respectively. On the other hand, the

expressions after the last equality signs in (5.9)—(5.12), in particular the two last ones are
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non-standard and are more interesting from our point of view. We find that: (iii) BW
and BC utilize the (co)variation across periods in the panel data set and disregard the
(co)variation across individuals, while (iv) By and B utilize the (co)variation across
individuals and disregard the (co)variation across periods. This demonstrates that among
these four estimators, EJW and ,BC are related to time-series analysis and BV and B p are
related to cross-section analysis.

With this in mind, it is interesting to reconsider the two remaining familiar estima-
tors in the panel data literature: the total (standard OLS) (T") and the residual (R)

estimators. Both can be written in two symmetric ways, either as

~

(513)  Br = TxxTxy = (Bxx+Cxx+Rxx) '(Bxy+Cxy+ Rxy)
= (ZfL Woxi+ (1/T) X Y VXth)_l
X (Zf\; W xii Bwi + (UT) S0 S0 Vi ,Bws) ,
(5.14) BR = R)_(IXRXY
= [Zf\; (WXXZ'@' —(1/N) 2L, WXXz'j)] )
X [Zf\; (WXXz‘z‘ Bwii — (1/N) Z;‘V:I W x xij @Wij)] ;

or as

. 1
(5.15)  Bp = (Zthl Vaxxu+ (1/N) XL, Z;‘Vzl WXXij)
X (Z?ﬂ V xxuByu + (1/N) T, Zé’vzl W x xij 3Wz‘j) ;

~

(5.16) Br = [Zle (VXXtt - (Y1), VXth)}
X {Z?zl <VXXtt Bvu — (T) Y1, Vixy, Bwsﬂ ;

which follow from (3.1)—(3.2) and the decompositions exemplified in (5.5)—(5.8). We know
that BT is the MVLUE of 3 in the absence of any individual or period specific hetero-
geneity, whereas B g has the same property when all the o;’s and +;’s are interpreted as
unknown constants (both fixed individual and period specific effects). The last equalities
in (5.13) and (5.15) show clearly that the standard OLS estimator utilizes (co)variation
both across individuals and periods.

Briefly, (5.9)—(5.16) show that all the six familiar aggregate estimators for fixed effects

models belong to the class (4.2) and can be interpreted as follows:

(i) The OVERALL WITHIN INDIVIDUAL estimator By and the OVERALL BETWEEN PE-
RIOD estimator BC are both matriz weighted averages of the BASE INDIVIDUAL
SPECIFIC estimators 3Wij, the former utilizing only the N individual specific OLS
estimators, the latter also the N(N —1) individual specific IV estimators.
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(ii) The OVERALL WITHIN PERIOD estimator 3y, and the OVERALL BETWEEN INDIVID-
UAL estimator BB are both matrix weighted averages of the BASE PERIOD SPECIFIC
estimators B\/ts) the former utilizing only the T period specific OLS estimators, the
latter also the T(T —1) period specific IV estimators.

(iii) The (OVERALL) RESIDUAL estimator Bp can be interpreted as a matriz weighted
average of either all the N? base individual specific estimators or all the T? base
period specific estimators.

(iv) The TOTAL OLS estimator ,@T can be interpreted as a matriz weighted average of
either (a) all the N individual specific OLS estimators, all the T' period specific
OLS estimators, and all the T(T —1) period specific within period IV estimators,
or (b) all the T' period specific OLS estimators, all the N individual specific OLS

estimators, and all the N(N—1) individual specific within individual IV estimators.

The weights are summarized in Table 1, panel A. In compact notation, we have

BR = b(BT,ONN) = b(OTT,BN),
Bp = b(Ar,0yy),

Be = b(0rr, Ay),

By = b(Br, Ax) = b(0rr, Iy),
By = b(Ar, By) = b(I7,0nn),
Br =b(Ir, Ay) = b(Ar, Iy).

For the total, residual and both within estimators the weights are given in two versions.
The weights corresponding to (5.9)—(5.16) are given in rows 6, 8, 1, 2, 10, 4, 9, and 3,
respectively, the weights in row 5 follow from (5.3), (5.5), and (5.6), and the weights
in row 7 follow from (5.4), (5.5), and (5.6). We can derive their variance-covariance
matrices when the random effects specification is valid [cf. (2.2)] by inserting the value
of the weights in Table 1, panel A, into (4.5)—(4.7), using (5.1)—(5.8). The results are

summarized in panel B. Compactly,

V(B X) = 0’RY,

V(Bp|X) = (0* + To2) Bx.

V(Bc|X) = (0? + No2)CK,

V@W|X) = (Rxx +Cxx) '[o?Rxx + (0 + NJ%)CXX](RXX +Cxx)™,
V(§V|X) = (Rxx + Bxx) '[0?Ryx + (0° + To})Bxx|(Rxx + Bxx) ™',
V(Br|X)=(Rxx +Bxx +Cxx)!

X [0*Rxx + (0> + Toz)Bxx + (0% + NU%)CXX]
X (Ryx+Bxx+Cxx) "
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TABLE 1: THE GENERAL MOMENT ESTIMATOR (4.1)

A: WEIGHTS 6;s AND Ti; FOR STANDARD BETWEEN AND WITHIN ESTIMATORS

Ot Ots, s 71 Tii Tijy J 710 0 T
-~ 1 1
B L il 0 0 Ar Onn
i’ T T 1 1

0 — — 0 A
?C ) 01 N N T N
Bp| 1-~  —— 0 0 Br Onn
3 T T 1 1

| LI T B

?R ’ 1 01 1N 1N o N
Pw| -7 7 N N | Br A
Bw 0 0 1 0 07y Iy
-~ 1 1 1 1
vl 7 T -y ~n | Az By
By 1 0 0 0 Iy OnN
-~ 1 1
?T 1 (1) N N Ir Ay

— — 1 0 A I
Br T T T N

B: VALUES oF Sv + Sw, Zv, Zw, Q, AND Zyw DEFINING COVARIANCE MATRICES

Sy + Sw Zy Zw Q Zyw
By Bxx TBxx 0 Bxx 0
Be Cxx 0 NCxx Cxx 0
Br Rxx 0 0 Rxx 0
Bw Cxx + Rxx 0 NCxx Cxx + Rxx 0
By Bxx + Rxx TBxx 0 Bxx + Rxx 0
Br | Bxx+Cxx+Rxx TBxx NCxx  Bxx+Cxx+Rxx 0

GLS estimators for random effects models

We next reconsider the GLS estimator of 3, which is the MVLUE in the two-way random
effects model (2.1)—(2.3). Consider first the following subclass of the estimator b:

(5.17)

B = B(MBaMCaMR)

= (upBxx +pcCxx + MRRXX)_I(MBBXY +pcCxy + nrRyxy),

where (i, pi, ft) are scalar constants (one of which may be normalized to unity without

loss of generality). Using the decompositions exemplified by (5.3), (5.4), and (5.8), it can
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be expressed in the (4.1) format either as

I@_ (MBi
S\

t=1s

kB
T

M=

N

N N N -1
Hc — HUR
Vxxts + 1R Y Wxxii + fe _Fk > WXXij)
i=1 i=1j=1

Il
R

M=

d al O~ 1R o
> Vixves+ur Y Wxyii + N SN WXYij) :

1s=1 i=1 i=1j=1

o
Il

or as
~1
B= ( N Z Z W xxij + pr Z Vxxu + E5_ER Z > VXth)
i=1j=1 t=1s=1
('I;\(]J > Z Wxvij + 1R Z Viyn + 2 ER MR Z > VXYts> ;
i=1j=1 t=1s=1

compactly

(5.18) B =b(upAr,pcAn + irBy) = b(uAr + urBr, e Ay ).

As shown thirty years ago by Fuller and Battese (1973, 1974), the two-way random

effects GLS estimator of @ utilizing (2.2)-(2.3), for known (¢62,03,02), can be written as

(5.19) BGLS :B(/\Ba Ao:1)=(ApBxx+AcCxx+Rxx) ' (AgBxy+AcCxy+Rxy)

1
_ [ Bxx " Byx Cxx Ryy n Byy n Cxy
o2 0?4+ ToZ 0%+ No2 o2 02 +ToZ 0%+ No2
where ) )
o o
A = - )\ = —F———————= .
BT o2y T2 © 02+ No2

This is the MVLUE in the random effects model. Under normality of w;, a; and = it
is the Maximum Likelihood estimator. The corresponding estimators when only random
individual effects occur (v, = 03 = 0) and when only random period effects occur (o, =

2 = 0) are, respectively,

o~

BGLS(a) =B(Ap,1,1) = AgBxyx + Cxx + Rxx)'(AgBxy + Cxy + Rxy),
Barse) =B, e, 1) = (Bxx + AcCxx + Ryx) (Bxy + AcCxy + Ryy).

The weights 0,5 and 7,; for these three GLS estimators are functions of Az and/or

Acs as given, in two versions, in Table 2, panel A:

BGLS = b(BT + )\BAT, AcAN) = b()\BAT, By + )\CAN),
Barsa) = b(Br + ApAr, AN) = b((AAr, IN),
Barsy) = b1, AcAN) = b(Ar, BN + AcAN).
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In Appendix D it is shown that their variance-covariance matrices, when three variance
components occur, can be written as

-1
Ry Bxx Cxx
o2 02 +To% 0%+ No2

V(BerslX) = 0?[Rxx + AgBxx + AcCxx] ™! =
V(BGLS(&)|X) =[Ryx+ApBxx+Cxx]™!

X [JZRXX+A2B(02+TJ§)BXX+(02+NU'2y)CXX][RXX+)‘BBXX+CXX]717
V(Bars)|X) = [Rxx+Bxx+A:Cxx]™

X [U2RXX+(O-2+TO-§)BXX+)\%’(O’2+NU’%)CXX][RXX+BXX+)\BCXX]_1

Then, of course, BGLS(Q) and BGLS(W) are not MVLUE. If the one-way random effects

model is valid, i.e., if 03 = 0 and if 02 = 0, respectively, the latter two are simplified to

- Ryx +Cxx Byxx 17!
V(BarslX) = { = o TO'Q} ,
*71
- Ryx +Bxx Cxx
V(/BGLS(7)|X) = [ 0_2 + 0_2 + NO'?Y .

TABLE 2: THE GENERAL MOMENT ESTIMATOR (4.1)
For RANDOM EFFECTS MODELS
Ap=0%/(0*+T0o3), Ao=o0%/(0?+No?)

A: WEIGHTS 0y AND T;;

Ot Ops, s#1 Tii Tijy J 71 0 T
Bors |1- 1_T/\B - 1_T)\B )\WC AWC Br + ApAr AcAN
Bews An g lde JEACT Gpar Byt acAx
BGLS(a) 1 128 1_T)\B % % Br + ApAr Ay
BGLS(a) )\7]3 )\TB 1 0 ABAT Iy
BGLS(W) 1 0 )\WC )\WC It AcAN
BGLS('y) % % 1- 1_]\?\0 - 1_]\?\6 Ar BN + AcAN

B: VALUES OF Sy + Sw, Zv, Zw, Q, AND Zyy DEFINING COVARIANCE MATRICES

Bars(y) Bxx+MCxx+Rxx TBxx M NCxx Bxx+)\Cxx+Rxx

Sy +Sw Zy VA Q Zyw
Bars | AX3Bxx+MCxx+Rxx MTBxx MNCxx MgBxx+ACxx+Rxx 0
IBGLS'(a) /\ZBBX)(—FCX)(—FRXX >\2BTBXX NCxx )\BBXX+CXX+RXX 0
0
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Robustness

An interesting question is robustness of the members of the class b(@,T) to violation of
(2.2)-(2.3). From (4.2) and conclusions [1] and [2] in Section 3 it follows that

o If x;; contains an IID measurement error vector, which becomes part of u;, then
(i) all estimators such that 6y = 0, ;s # 0 for some s # ¢, and all 7;; = 0, are
N-consistent, and (ii) all estimators such that 7;; = 0, 7;; # 0 for some j # 4, and
all 6;s = 0, are T-consistent.

e If endogeneity of some variables in x;;, gives rise to E(z/u,;) # 04, while E(a:i’tujs) =

0y, for j # i and/or s # t, then similar consistency results hold.

6 Empirical illustration: Factor productivity

In this section, we present an empirical application of some of the above results for a
model with a single regressor (K = 1), relating to factor productivity. The data are from
successive annual Norwegian manufacturing censuses, collected by Statistics Norway, for
the sector Manufacture of textiles (ISIC 32), with N = 215 firms observed in the years
1983-1990, i.e., T' = 8. The y;+’s and x;+’s in this example are, respectively, the log of
the material input and the log of gross production, both measured as values at constant
prices, so that the (scalar) coefficient [ can be interpreted as the input elasticity of
materials with respect to output, assumed to be one in simple input-output analysis. The
OLS estimate of 3 obtained from the complete data set (N1' = 1720 observations) is

Or = 1.1450. From the residuals, €;, which are consistent, and the resulting between

individual, between period, and residual sum of squares,
o N /= =2 o T /= =2 o N T /~ = = =2
B~ = Ty5(6 — €7 ng— N o1(€r — €)%, R-= Yim1 =1 (6y — & — € + €)%,

we compute the ANOVA type estimates:

5 0 B 5 6 C . R
ot — =, o= = e :
T T(N-1) YN N(T-1) (N —1)(T - 1)

cf. Searle, Casella, and McCulloch (1992, section 4.7.iii), which give the estimated vari-

ance components

52 = _ [Bm— R??] =0.14394
CTT(N—-1) "€ T-1 ’
52 = o [CM— He ] = 0.00066
TTONT-1)| € N-1 ’
52 = 0.03449.
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Hence, the estimate of the total disturbance variance becomes 52 = G2 + 3?, + 02 =
0.17909. The corresponding shares representing individual heterogeneity, period hetero-
geneity, and residual variation are, respectively, 52/62 = 0.80372, 32/ 52 = 0.00370,
and 52/62 = 0.19259. The corresponding (marginal) shares are Byy /Tyy = 0.93992
Cyy/Tyy = 0.00829, Ryy/Tyy = 0.05179 for log-input and Bxx/Txx = 0.83525,
Cxx/Txx = 0.04216, and Rxx/Txx = 0.12259 for log-output. Not surprisingly, in
both cases, the between firm variation dominates.

We have selected N = 10 firms randomly from the 215 in the full sample and included
the T' = 8 observations from each of them. All results below refer to this subsample of
NT = 80 observations, except that the variance components have been estimated from
the complete sample, as explained above.

The firm specific IV/OLS estimates of the input elasticity of materials 3Wij for the
N = 10 firms are given in the upper panel of Table 3, with the OLS estimates on the
main diagonal, varying from —0.09 (firm 2) to 1.54 (firm 7), and the IV estimates in
the off-diagonal positions. The standard errors, obtained from (3.10), are given in the
lower panel. All standard errors are derived under the assumption that (2.2)—(2.3) are
valid. Even for the OLS estimates, the precision is low. The corresponding within-
firm coefficients of correlation of log-output, Ry x;;, given in Table A3, panel A, show
considerable variation, are often low, and exceed 0.9 in few cases only. This indicates that
log-output for other firms tend to be weak instruments for ‘own’ log-output, cf. (3.10)
and (3.12). Recall that the OLS estimates are inconsistent in the presence of endogeneity
of or random measurement error in log-output; the IV estimates are T-consistent.

The weights which are given to the firm specific OLS estimates (Table 3) in the overall
within-firm estimate of the materials input elasticity BW, which is 0.9284 (standard error
0.0773), are reported in Table Al, panel A. The estimate for firm 1 by far dominates
in this aggregate, with a weight of 38 per cent. The weights which are given to all
the firm specific IV/OLS estimates (Table 3) in the overall between-year estimate (¢,
which is 0.7269 (standard error 0.1628), are reported in Table Al, panel B. Again, the
disaggregate estimate for ¢ = 1,57 = 1 by far dominates, with a weight of almost 15 per
cent. Some off-diagonal weights are negative, which reflect negative correlation between
the log-output of the relevant firms; cf. Tables A3, Panel A.

The year specific IV/OLS estimates ﬁws for the T' = 8 years are given in the upper
panel of Table 4, with the OLS estimates on the main diagonal, varying between 1.21
(cross section from year 1989) and 1.64 (cross section from year 1985), and the IV esti-
mates in the off-diagonal positions. All the 7? = 64 estimates exceed one. Their standard
errors, calculated from (3.11), are given in the lower panel. Overall, the precision is much
higher than for the firm specific estimates. The corresponding across-year coefficients of

correlation of log-output, Ry xis, given in Table A3, panel B, show far less variation than
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the corresponding across-firm correlation coefficients. This indicates that log-output for
other years may be strong instruments for the year’s ‘own’ log-output, cf. (3.11) and
(3.14). Recall that the OLS estimates are inconsistent in the presence of endogeneity of
or random measurement errors in log-output; the IV estimates are N-consistent.

The weights which are given to the period specific OLS estimates (Table 4) in the
within-year estimate of the materials input elasticity BV, which is 1.4528 (standard error
0.1717), are reported in Table A2, panel A. The weights vary much less than in Table A1,
between 20 per cent (for 1984) and 8 per cent (for 1990). The weights which are given to
all the period specific IV/OLS estimates in Table 4 in the overall between-firm estimate
BB, which is 1.5195 (standard error 0.1965), are reported in Table A2, panel B. Again,
the weights vary less than in Table A1, and all off-diagonal weights are positive.

The residual estimate, the total (standard OLS) estimate, and the GLS estimate
of the material input elasticity § (with standard error in parenthesis) are, respectively,
Br = 0.9978 (0.0875), Br = 1.4222 (0.1646), and Bgrs = 1.0147 (0.0717). The latter two
are both weighted averages of BB, Bg, and @R (cf. Tables 1 and 2), which agrees with
the numerical estimates 33 = 1.5195, BC = 0.7269, and BR = 0.9978.

Since all the aggregate estimators considered have either all 8, # 0 or all 7; # 0,
they are inconsistent in cases of endogeneity of or measurement errors in the regressor,
confer the discussion of robustness at the end of Section 5. If we modify the between-firm
estimator B by replacing 6y = 1/T for all (¢, s) by 64 = 0 for s = ¢, O, = 1/T for s #t
(cf. Table 1), we get BB* = 1.5307. This is N-consistent and is slightly above the (less
robust) between-firm estimate BB = 1.5195. Symmetrically, if we modify the between-
year estimator B¢ by replacing 7;; = 1/N for all (i,7) by 735 = 0 for j =i, 7j = 1/N
for j # i (cf. Table 1), we get Bew = 0.5976, which is T-consistent and is substantially
below the (less robust) between-year estimate B¢ = 0.7279. If, however, (2.2)—(2.3) hold,
BB* is somewhat less efficient than BB (standard error 0.2007 against 0.1965), and BC* is
markedly less efficient than Bg (standard errors 0.2442 against 0.1628), i.e., the efficiency
loss when omitting the disaggregate OLS estimates (the diagonal elements of the lower

panels of Tables 3 and 4) in aggregate estimator may be substantial.

Acknowledgements: 1 thank Terje Skjerpen for valuable comments after a careful

reading of the paper.
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TABLE 3: FIRM SPECIFIC IV ESTIMATES BWij. (OLS ALONG MAIN DIAGONAL)

0 = MATERIALS - OuTpPUuT ELasTiciTY. N = 10,7 = 8.

WITHIN DEVIATION OF FIRM ¢ USED AS IV FOR WITHIN DEVIATION OF FIRM j

il j— 1 2 3 4 5 6 7 8 9 10
1 0.92 -0.03 1.29 341 099 092 174 123 0.12 -0.85
2 0.70 -0.09 1.92 1.80 1.15 494 320 1.42 0.69 4.67
3 0.95 -0.09 0.55 3.17 1.01 1.02 146 1.16 0.54 0.26
4 1.02 -0.43 14.42 1.22 0.78 -0.06 0.77 253 091 -2.77
5 0.94 -0.04 0.08 -3.46 099 094 162 1.16 0.36 -0.11
6 1.08 0.55 -0.64 0.67 1.05 090 1.21 1.13 0.92 0.74
7 1.11 -0.81 0.68 206 1.02 088 154 1.02 201 0.85
8 0.97 -0.02 0.32 -11.62 1.04 090 1.63 1.16 0.61 0.27
9 0.93 -0.05 291 1.39 1.14 1.14 091 1.30 0.53 -1.67
10 1.24 025 -2.19 0.38 1.07 0.79 158 0.91 -2.78 0.78

STANDARD ERRORS

il j— 1 2 3 4 5 6 7 8 9 10
1 0.28 1.73 1.05 6.87 0.49 1.27 1.19 0.52 221 2.07
2 0.64 0.75 2.19 3.01 1.28 12.69 8.85 1.09 2.30 8.49
3 0.31 1.73 0.95 6.95 0.47 0.86 1.02 0.46 2.02 1.22
4 1.90 2.26 6.62 1.00 6.44 279 233 20.73 2.84 3.83
5 0.30 2.16 1.00 14.49 0.45 0.93 1.03 0.48 3.22 1.08
6 0.54 14.53 1.25 4.26 0.63 0.66 1.43 0.53 2.52 1.05
7 0.46 9.26 1.36 3.25 0.64 1.30 0.72 0.64 6.47 0.85
8 0.32 1.84 0.99 46.51 047 0.79 1.03 0.45 2.13 1.07
9 0.49 1.37 1.52 2.25 1.13 1.31 3.67 0.75 1.27 7.60
10 0.84 9.36 1.70 5.63 0.71 1.01 0.89 0.70 14.13 0.68

TABLE 4: YEAR SPECIFIC IV ESTIMATES Bws- (OLS ALONG MAIN DIAGONAL)

[ = MATERIALS - OuTpUT ELasTiCITY. N = 10,7 = 8.

WITHIN DEVIATION OF YEAR t USED AS IV FOR WITHIN DEVIATION OF YEAR S

t] s— | 1983 1984 1985 1986 1987 1988 1989 1990
1983 1.267 1.433 1.572 1.383 1.514 1.567 1.407 1.613
1984 1.232 1.375 1.483 1.290 1.390 1.483 1.302 1.526
1985 1.374 1.508 1.642 1.465 1.589 1.576 1.468 1.663
1986 1.414 1.529 1.660 1.483 1.586 1.604 1.499 1.669
1987 1.441 1.595 1.751 1.588 1.606 1.652 1.435 1.618
1988 1.519 1.668 1.803 1.671 1.712 1.625 1.394 1.623
1989 1.454 1.589 1.676 1.584 1.570 1.477 1.212 1.487
1990 1.502 1.665 1.809 1.683 1.626 1.614 1.330 1.551

STANDARD ERRORS

t] s— | 1983 1984 1985 1986 1987 1988 1989 1990
1983 0.080 0.073 0.099 0.105 0.113 0.118 0.142 0.158
1984 0.083 0.071 0.097 0.099 0.109 0.116 0.133 0.152
1985 0.086 0.074 0.093 0.093 0.103 0.105 0.123 0.140
1986 0.092 0.077 0.095 0.091 0.101 0.105 0.121 0.136
1987 0.094 0.080 0.100 0.096 0.096 0.097 0.106 0.118
1988 0.102 0.088 0.105 0.103 0.100 0.093 0.101 0.116
1989 0.117 0.097 0.117 0.113 0.105 0.097 0.097 0.115
1990 0.113 0.096 0.116 0.110 0.101 0.096 0.100 0.112
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Appendices

A: The covariance matrices of the base estimators

In order to derive the variance-covariance matrices of By ;; and By, when (2.2)(2.3) is
valid, we first need expressions for the variance-covariance matrices of W x5, V xuis,

W x.i, and V x4 Since (2.2) implies

E(aa’|X) =21y, E(vv'|X) = a%IT,
E(uj.ul|X)=06,0Tr, E(u.ul|X)=0d,,01Iy, j,l=1,...,N,
E(uj.u.’q|X) = UZiTqi]/Vj, s,q=1,...,T,

where ¢, denotes the j’th column of Iy, we get, after some algebra,

E(W xui; WikumlX) = 00> Wxxip,
(a.l)  E(Wy, Wi, |X) = o5 Wxxir,
E(W xei; Wkeul X) = (03 + 5j102>WXXik7

E(VXUts V&qu‘X) = 55q 02 VXtia
(8‘2) E(VXat V;(ap|X) = 0'3 VXtia
E(VXets Vg(epq|X) = (‘73 + 6sq02)VXtia

i,jk,d=1,...,N,

E(W xuij V xupgl X) 2 . :
(.3) ij Pa =0 (T — &) (zj, — T.,), tspqg=1,....T.

E(WXezj VS(epq|X)

Combining (a.1)—(a.3) with (3.3)—(3.4), it follows that the matrices of covariances be-
tween the individual specific and between the period specific base estimators, respectively,

can be expressed as

(a.4) C(BWij?BWkl’X) = E[(BWz‘j—ﬁ)(BWkl—ﬁ)/\X]
= (2400 YW kiiWxxaWxky 65k l=1,...,N,

(a'5) C(BVthqu’X) - E[(ths - /6)(/3qu - 6)/|X]
= (o2 + 5Sqa2)V)_(1XtSVXtiV)_(1qu, t,s,p,q=1,...,T,

and that the matrices of ‘cross covariances’ between the two sets of estimators are

(a'6) C(BW%]?Bqu‘X) = E[(BW@] _B)(Bqu_lg)/‘X]
= O-QW;(}Xij (miq - d_,'l) /(mjp - a_"'p)V;(%qu’
i,7=1,....N; p,g=1,...,T.

This completes the proof of (3.7)—(3.9).
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B: The variance-covariance matrix of b
Inserting for W xy;; and V xyy, from (2.15) and (2.17) in (4.1), using (4.4), we find
b-8 = Q' [SLi XL 0V xas + DN N 7 W x|
= Q' [XLi ST 0V xuns + X1 (S0 00) Vixar
+ S YN T Wxuig + S (Z;‘Vzl Tij) WXW} :

Combining this equation with (3.3), (3.4), and (a.1)—(a.3), we find that b is an unbiased

estimator of 3 for any @ and 7 and has variance-covariance matrix

(b.1) V| X)=Q ' P(Q7") =Q(0,7)'P(0,7,0% 02,05)(Q(0, 7)),
where
(b.2) P=P(0,7,0°0.,07) =0*(Sy + Sy + Syw) + 02 Zy + 02 Zy,

Sy = Sy(8) = 1 Xpt Vi (2001 000,s)
Sw =Sw(T) = Tl Tii Wxxir (ZN Tkj)
(b.3) Syw = Syw(0,7) = Zt 1 Z =1 Z =1 Z] 107, z]( - ji-)/(a:jt —Z.4),
ZV:ZV(O):Zt 12;; IVXti (Zs 19ts) ( 19 )
Zy = Zy (1) = X5 S0 W (Z ) (Zl 1Tkl)
This completes the proof of (4.5)—(4.7).

C: Proof of (5.3) and (5.4)
Since T;- — T = Zthl(xit —Z4)/T, &y — T = Z]il(iﬂzt — Z;.)/N, etc., and

S (X — ):()'AT(Xz‘- - 5{) =+ YL X By X
ZtT=1(X-t - X)/AN(X't - X) = % Zi]\il Zé‘V:le‘/- BTXj-

hold identically, (2.13) and (2.14) can be rewritten as

(c1) Bxxii = #=31 N (@i — &) (®is — B-s), i1 N
Bxaii = Yt (@it — 1) (s — @), o

(€2 Cxxe = y o Xpm@e = o) @u=8) oy
Cxw = SNi(@iy—&.) (w—7),

and the following identities hold

N T T T N N
(€3) i Bxxi =7 31— Y1 VXXt Yic1 Cxxue = 3 Liv1 2 je1 Wxxij-

Similarly,
SN Bxaii = Y1 Vxat, S Cxqe = SN W,
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The overall between individual and overall between period (co)variation can then be

written as
_ _ _ _ 1

(c.4) Bxx =Y Bxxi=TY X (% — &) (& — T) = e Y Y Vixxs,
_ Ny _ 1

(c.5) Cxx = Zthl Cxxu = NZle(w-t -Z) (T4 — ) = N Zij\il Zj'v:l Wxxij,

where the last equalities follow from (c.3), which completes the proof.

D: The variance-covariance matrix of 8., ¢

Recalling (5.11), (5.12), (5.14), and (5.19), the GLS weights in the variance-covariance
matrix can be obtained from Table 2, panel A, by adding Ap times the weights in row
1, A¢ times the weights in row 2, and 1 times the weights in row 3 (or 4). Expressions
for the variance-covariance matrix of EGLS can be derived by inserting the weights in
Table 2, panel A, rows 1 or 2, into (4.5)—(4.7). The result is given in Table 2, panel B,

row 1. In deriving the variance-covariance matrix of B g, we note that

1— )2

Zg:l ets = )‘B’ 23:1 etseps = 6tp - B t,p=1,...,T,
1— A2

Z;’V:I Tij = )‘Cv Zévzl Tika:j = 6“@ - N ¢ 1, — 17 . 7N7

so that, using (4.7), we have

Zy =AY 25:1 Vxxip = 3TBxx, Zy =g S S Wk = AANCy,

which are the expressions given in Table 2, panel B, columns 2 and 3. Obviously, Sy =

0. From (4.7), in combination with the weights in Table 2, rows 1 and 2, we get

Sy +8Sy=Vxx—(1-X5)Bxx +ACxx = pBxx +Wxx — (1-23)Cxx,
Q=Vxx—(1-X5)Bxx +AoCxx =2gBxx+Wxx —(1-X;)Cxx,

both of which, since Vyx — Bxy = Wxxy — Cxx = Rxx, can be simplified to

Sy + 8w = Rxx + \Bxx + A¢Cxx,
Q=Rxx +AgBxx +ACxx-

These are the expressions given in Table 2, panel B, columns 1 and 4. Finally, noting
that

UQ(SV + Sw) + UiZV + U’2YZW = UQ[RXX + )\BBXX + )\CCXXL
the variance-covariance matrix of BG s can be written as

-1

~ R B C
_ 2 1 | Pxx XX XX
(d.1) V(Bgrs| X)=0"[Rxx+AgBxx+AcCxx| " = -2 +U2+T03+02+NU%
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The variance-covariance matrices of the one-way GLS estimators @GLS(Q) and BGLS(W)

when the two-way effects model is valid, obtained from Table 2, panel B, rows 2 and 3,

are

(d.2) V(BGLS(a)‘X) = [Rxx+ApBxx+Cxx]™!
X [U2RXX+)‘QB(0'2+T03)BXX+(02+NU§)CXX][RXX+)‘BBXX+CXX]_1a
(d.3) V(BGLS(7)|X) = [Rxx+Byx+AcCxx]|™"
X [0°Ryx+(0°+T02)Bxx+At(0?+No2)Cxx][Ryx+Bxx+AcCxx]

If the one-way random effects model is valid, i.e., if 0’,2y = 0 and 02 = 0, respectively,

they can be simplified to

(d.4)

(d.5)

Appendix tables

V(Barso|X) = [

V(BGLS(W)‘X> = [

Ryx+Cxx By x }1
o2 o?+To2|
—1
Ryx+Bxx Cxx
o2 02 —l—Na%

TABLE Al: WEIGHTS OF BWU IN BW AND Bc- N =10, T =8.

A. WEIGHTS OF BW“ IN BW, PER CENT. Average weight = 10 per cent

7 —

1

2

3

4

5

6

7 8 9 10

38.25

5.22

3.24

2.93

1486 6.84 5.71 1476 1.84 6.35

B. WEIGHTS OF fw;; IN 3¢, PER CENT. Average weight = 1 per cent

il j— 1 2 3 4 5 6 7 8 9 10
1 1495 240 395 -0.60 850 3.28 -3.47 800 -1.87 2.00
2 240 204 -0.70 051 -1.20 -0.12 0.17 -1.40 0.67 0.18
3 395 -0.70 1.27 -0.17 258 141 -1.18 2.61 -0.60 0.99
4 0.60 051 -0.17 1.15 0.18 041 049 006 0.40 0.30
5 850 -1.20 258 0.8 581 278 -2.51 543 -0.80 2.38
6 3.28 -0.12 141 041 278 267 -1.23 328 -0.69 1.67
7 347 017 -1.18 049 -251 -1.23 223 250 0.25 -1.89
8 8.00 -1.40 261 006 543 328 -250 577 -1.21 2.4l
9 187  0.67 -0.60 040 -0.80 -0.69 0.25 -1.21 0.72  0.12
10 2.00 0.18 0.99 030 238 167 -1.89 241 0.12 248
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TABLE A2: WEIGHTS OF Evm IN Ev AND BB. N =10, T =8.

A. WEIGHTS OF BVtt IN BV, PER CENT. Average weight = 12.5 per cent

t— 1983

1984

1985

1986

1987

1988

1989

1990

15.503

20.005

11.536

12.091

10.844

11.551

10.556

7.915

B. WEIGHTS OF Evm IN BB, PER CENT. Average weight = 1.56 per cent

t] s— | 1983 1984 1985 1986 1987 1988 1989 1990

1983 2.222 2437 1.793 1.705 1.579 1.516 1.260 1.129

1984 2.437 2.868 2.084 2.043 1.857 1.749 1.517 1.330

1985 1.793 2.084 1.654 1.662 1.497 1.468 1.255 1.101

1986 1.706 2.043 1.662 1.733 1.555 1.499 1.303 1.154

1987 1.579 1.857 1.497 1.555 1.554 1.543 1.403 1.266

1988 1.516 1.749 1.468 1.499 1.543 1.656 1.524 1.328

1989 1.260 1.517 1.255 1.303 1.403 1.524 1.513 1.276

1990 1.129 1.330 1.101 1.154 1.266 1.328 1.276 1.135

TABLE A3: COEFFICIENTS OF CORRELATION, LoG-OuTtpuT. N = 10,7 = 8.
A. WITHIN FIRM, Rw xij
1] j— 1 2 3 4 5 6 7 8 9 10
1 1.000 -0.435 0.909 -0.146 0.912 0.518 -0.601 0.861 -0.572 0.329
2 -0.435 1.000 -0.435 0.333 -0.347 -0.052 0.081 -0.408 0.550 0.080
3 0.909 -0.435 1.000 -0.144 0.952 0.765 -0.701 0.964 -0.626  0.559
4 -0.146  0.333 -0.144 1.000 0.069 0.235 0.309 0.022 0.446 0.178
5 0.912 -0.347 0.952 0.069 1.000 0.706 -0.696 0.938 -0.393 0.628
6 0.518 -0.052 0.765 0.235 0.706 1.000 -0.503 0.835 -0.501  0.647
7 -0.601  0.081 -0.701 0.309 -0.696 -0.503 1.000 -0.695 0.196 -0.803
8 0.861 -0.408 0.964 0.022 0.938 0.835 -0.695 1.000 -0.594 0.637
9 -0.572  0.550 -0.626 0.446 -0.393 -0.501 0.196 -0.594 1.000 0.090
10 0.329 0.080 0.559 0.178 0.628 0.647 -0.803 0.637 0.090 1.000
B. WITHIN YEAR, Ry x¢s

t] s— | 1983 1984 1985 1986 1987 1988 1989 1990

1983 1.000 0.965 0.936 0.869 0.850 0.790 0.687 0.711

1984 0.965 1.000 0.957 0.916 0.879 0.803 0.728 0.737

1985 0.936 0.957 1.000 0.982 0.934 0.887 0.794 0.804

1986 0.869 0.916 0.982 1.000 0.947 0.885 0.805 0.823

1987 0.850 0.879 0.934 0.947 1.000 0.962 0.915 0.954

1988 0.790 0.803 0.887 0.885 0.962 1.000 0.963 0.969

1989 0.687 0.728 0.794 0.805 0.915 0.963 1.000 0.974

1990 0.711 0.737 0.804 0.823 0.954 0.969 0.974 1.000
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