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Abstract

The Hadwiger function has been recommended for the analytic

graduation of fertility curves. In its original parametrization, this

graduating function has some rather problematic aspects in terms of

parameter identifiability and interpretability. This can be remedied

by a suitable reparametrization. However, a second practical iden-

tification problem arises insofar as the curves of the Hadwiger density

and the gamma density with similar parameter values turn out to be

virtually interchangeable in a number of numerical examples. Our

impression is that the Hadwiger density is a bit more flexible than the

gamma density, in that the fit of the former to a curve generated by the

latter has been ecellent in all the cases we have investicated, while

the gamma density occasionally fails to sive such a tremendously good

fit to a Hadwiger curve. In terms of performance, therefore, the

Hadwiger density seems to have a slight edgeon the gamma density.

These are the main concerns of this paper. In addition some

findings are presented on methods of parameter estimation in current use.

Moment type estimators turn out to be seriously inconsistent in several

actual cases, and their replacement by minimum chi-square estimators is

recommended.
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. Introduction.

1A. The diagram of age-specific fertility rates for a popula

tion, based on data fer a calendar period, say, will typically picture

a curve which looks much like a left-skewed probability density, but

with superposed fluctuations. A number of functions have been sugges-

ted as a basis for the analytic graduation of such a diagram, the gamma

and beta densities being particularly popular. Another possibility is

the Hadwiger density. Empirical studies, both by ourselves and by

others, have shown this to be a flexible function which gives a good

fit to data from a wide range of populations. This paper presents some

findings on the use of the latter density as a graduating function. It

is part of the documentation of a larger project. Further empirical

and theoretical results will be presented elsewhere.

1B. Let us briefly sketch the practical background of the

present study before we go into its details. The authors are in the

process of investigating regional fertility in Norway around 1970.

The 449 communes of the country as of January 1, 1971, have been

grouped into 77 "fertility regions", mainly on the basis of their

industrial composition, their geograph Iee-Ation, and whether they

are characterized by systematic in-, or out -migratiot. Each region

will typically have a total resident population of some 30 to 50

thousand inhabitants. For each region, age-specific fertility rates

have been calculated from data for the period of 1968-1971, and the

Hadwiger density has been fitted to the corresponding fertility curve.

Our hope is that the description of regional age-specific

fertility can be reduced to stating the value of a low-dimensional

parameter vector for each region, and that subsequently these regional

parameter vector values can be related to the values of ecological

variables describing various aspects of the corresponding communities.

lc. We have found that the four-parameter version of the

Hadwiger function suggested independently by Yntema (1969) and Gilje

(1969), and described again in Section 2 below, gives a very good fit

to all of our 77 fertility curves, as judged by such criteria as least

squares and eye-ball inspection of curve plots. This confirms earlier

findings by Yntema and Gilje, and on a more extensive scale than theirs.

EFor references to the literature on fertility graduation up to
about 1970, see Subsection 1.2 in Hoem (1972). Other contributions

have lately been given by Brass (1968), Hunyadi and Szakolczai (1970),

Mitra (1970), Gilje and Yntema (1971), Murphy and Nagnur (1972), Fand

(1973), Sundvall (1973), Romaniuk (1973), and Mitra and Romanik (1973).]
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1D. During our work with this part cf the project, we have dis-

covered some problematic aspects of the use of the Hadwiger density for

fertility graduation. One of us (Berge) has constructed cases where

widely different values of the four original Hadwiger function parame-

ters produce curves which are so close to each other as to be practi-

cally indistinguishable. Demographic theory does not provide a basis

sufficient for choosing among the cases which have been uncovered in

the graduation of real data, to say nothing against hedging against

parameter value combinations which we do not know about. This means

that although we are quite satisfied with the way in which the Had-

wiger curves represent the level and age-pattern of fertility, we

know of no way to "invert" this representation and get an interpretable

and reasonably unique set of values for the Yntema- Gilje 2..z.irameters of

the Hadwiger function.

1E. To overcome this difficulty, we have tried one of the ob-

vious routes open to us, viz., we have sought a different parametriza-

tion of the Hadwiger function. We have taken the position that what is

important to achieve, is a good fit of the curves, and we have looked

for a set of four stable parameters, i.e., parameters whose values will

change appreciably only when the Hadwiger curve changes in some important

way. (It has not appeared possible to get a generally satisfactory

curve fit with less than four parameters.) At the same time, we have

wanted parameters which could be given natural demographic interpreta-

tions.

it has seemed to us that descriptive measures which are standard

in any characterization of a skew bell-shaped curve, would fit our bill.

For our parameters, therefore, we have selected the mode, the mean, and

the variance of the Hadwiger density, as well as the area under the fer-

tility curve. This is not such a sensational choice, and post hoc one

may perhaps feel that we could have discovered these parameters without

going through the mechanics of analytic graduation. This detour has

served three purposes,however. First, it has assured us that we would

need four parameters, and not some other number; and it has convinced us

that these four ones are sufficient for our purpoees. Secondly, the

introduction of the values of these parameters into the graduating fun-

ction provides us with a complete schedule of fertility rates for all

ages, a fact which is useful in many circumstances, such as in connection

with population projections. lEtra and Romaniuk (1973) and Romaniuk

(1973) stress the latter point.3 Thirdly, analytic graduation furnishes
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a better set of parameter estimators than the naive ones as soon as the

graduating function has been specified.

1F. The latter point is not without its own problems, however.

For comparison, we have used the gamma density as a basis for a second

analytic graduation of a number of the Norwegian regional fertility

curves mentioned above. The fit is roughly as satisfactory as the one

given by the Hadwiger function, though the latter may possibly be a bit

more flexible. (This replicates earlier findings by others.) We have

also fitted a Hadwiger function to the graph of a gamma density, and

vice versa. In all cases investigated the Hadwiger function fits the

gamma curve excellently. Similarly, the gamma function fits the Had-

wiger curve nicely too (although occasionally the fit is somewhat less

than excellent). The gamma density and the Hadwiger density seem prac-

tically interchangeable as graduating functions, at least in the cases

we have studied. Thus, we are up against a second identification prob-

lem, viz., in our choice of a graduating function.

IG. Most previous investigations have used moment type methods

to fit functions to the observed fertility curves, and have not applied

techniques like least squares or minimum chi-square. LGilje (1969) and

Gilje and Yntema (1971) are notable exceptions.] For the case of Had-

wiger graduation, parameter estimators based on moments, the mode, etc.,

have been suggested by Yntema (1969), and some of their statistical

properties have been discussed by Hoem (1972, Subsection 7.4).

Moment type estimators frequently have the nice feature that

they can be representeçiby relatively simple mathematical formulas.

This is not so with procedures like least squares, which will usually

involve some iterative numerical method of function minimization

(except in special cases, like when the graduating function is linear

in its parameters). Such aspects may be part of the explanation why

the more involved methods have been less popular. In our computerized

age, however, the numerical work involved should be much less of a

problem than it was previously, and we feel that there are good rea-

sons, both intuitive and theoretical, to prefer minimum chi-square

techniques, say, to moment methods. For one thir, a minimum chi-

square or least squares criterion will frequently be used to measure

the goodness-of-fit even of a graduation based on a moment method. For

another, Hcem (1972) has proved that minimum chi-square methods provide

estimators which are consistent and have uniformly minimum variance,

and he has got unpublished results which establish the optimality of
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these estimators on other criteria as well. Furthermore, he has peinted

out (Hoem, 1972, page 591, Remark 8) that Yntema's estimators for the

parameters of the Hadwiger function may be inconsistent, i.e., they may

not converge in probability to the parameters estimated when the popu-

lation size increases. Our numerical findings reported below show that

such inconsistency can be considerable. This problem is inherent in the

moment method approach to graduation, so that it is not particular to

the Yntema estimators, nor is it particular to Hadwiger graduation for

that matter. Indeed, we replicate this finding with three sets of

parameter values for the gamma density. In our opinion, this is a ser-

ious argument against relying solely upon such estimators.

Moment methods do have some practical interest, however, in that

they can provide the starting values which are necessary for any iter-

ative estimation procedure. The starting values can be important for

the speed of convergence and other aspects of the iterative procedure,

so that the statistical properties of the estimators which produce the

starting values are by no means unimportant. In our experience, esti-

mators such as those suggested by Yntema are quite sufficiently accurate

for providing storting values, and we have been unable to improve 'Upon

them. Also, the problem of inconsistency seems to be less important for

stable parameters than for others.

1H. It may be of some interest to learn that we have found

O'Neill's implementation of Melder and Mead's simplex algorithm for

function minimization (Neider and Mead, 1965; O'Neill, 1971) better

suited to our purposes of graduation than the Fletcher-PoWelr algoi,-

ithm implemented by Gruvaeus and Jareskog (1970).

. The Had4i7er function.

2A. Let

( 2.1 )

	

f
H(

x)	 (H/A, x-3/2 exp {-H2(x+x 1-2)} for
	

0

Then f
H 

is a probability density on the positive real axis. We shall

call it the Hadwiger density, and shall call H the Hadwiger parameter.

(We follow the tradition of using, capital Latin letters for the parameters

in Hadwiger graduation ) The corresponding cumulant generating function

is

(1)/i(s) ":"- In 7 esxfH(x) dx	 2H 2 {1- (1- Z2)1/2}.



2k-3) (2k-5)• —3.1 for k	 2.(2.2)
(2H2 )

k-1

K2

The density is unimodal, and its mode is at

3
K4 ... 15

Yl 3/2 
	and y = 	

2	 2HK2

7

This distribution has a mean of 1, a varianceof 11(2H
2 ), and its k-th

cumulant is

Thus, the measures of skewness and curtosis are

(2.3) (1+16H
4/9) 1/2 -1

41-7i-jv

We note that zi<1 for all H, so that the mode is always less than the mean

here.

'Formula (2.2) corrects the erroneous formula (7.24) previously

given by Hoem (1972) as well as a misprint in formula (7) in Yntema

(1956).] .

2E. Hadwiger (1940) suggested using the function
R	 xh (x)	 f (-)	 for x>0,
T H T

to graduate age-specific fertility rates, x representing age of mother

at childbearing. (This particular parametrization is actually due to

Yntema, 1952.) The area under the curve b
1 

is R, which is taken to

represent the gross reproduction rate or the total fertility rate,

according as only girl babies or both boy and girl babies are included

in the count of the livehorn. The parameter T is taken as the mean age

at childbearing, and it will typically have a value somewhere between

25 and 30 in human populations. (For a discussion of the concept of

the mean age at childbearing, see Hoem, 1971.)

No one seems to have succeeded in giving convincing demographic

interpretation of the Hadwiger parameter H. The most useful relation

it appears in, may be

(2.0 ,2 T2
-2

2Hz

where S
2 
is the variance of the density h

1
(-)/R. For all graduations

known to Yntema in 1961, H had a value slightly above 3, a fact which
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inspired him into calling it a demometric invariant (Yntema, 1961).

(Largely, this finding has been upheld in later work.)

In Figure 1, we have plotted the function h l with R I and T

27 for a number of values of H. With the normal type of values for the

parameters, the curve of hl will cling to the x-axis up to some age in

the early teens, whence it will start to raise its head, reach its mode

at an abscissa of ZT (which will be 0.92T for H = 3, or 24.8 when T

27), and then subside again to become very small for x>50.

2C. Hadwiger and Ruchti (1941) and Yntema (1952, 1953, 1956)

fitted this function to their satisfaction to a number of fertility

curves, but Tekse (1967) discovered that it gave a very bad fit to some

important age-patterns of fertility. Yntema (1969) and Gilje (1969)

then independently introduced a fourth parameter, which we shall call

D, so that the graduating function took the following form:

(2.5)	 h(x; R, H, T, D
	

j ) for x>D.

Empirical studies have shown this function to be highly flexible and to

give a good fit to an extensive set of fertility age-patterns. (Some

of its limitations have been explored by Yntema (1969) and by Gilje and

Yntema (1971).)

2D. It is not easy, however, to Rive the parameters in (2.5) a

reasonable demographic interpretation. The area R retains its previous

interpretation as a measure of the fertility level, of course, but the

mean and modal ages of childbearing now become

(2.6)	 U = DT and M

respectively, so that T loses its previous interpretation as the mean,

and Z loses its previous interpretation as the proportion of the mean

which constitutes the mode. The disturbing element is the new parameter

D whose substantive meaning is problematic. Although h(x; R, H, T, D)

is positive for all x>D, D does not have such an interpretation as the

lowest fertile age, say, since the value of h(x; R, H, T, D) can be

negligible for a considerable Interval above D. (Witness the description

for D=0 at the end of Section 2B. In Table 1 below, we shall even give

realistic examples where D is negative.)

We had difficulty in interpreting the Hadwiger parameter H in (2.4)

already, and this does not become easier in (2.5). It is not a demomet-

ric invariant any more; its value can vary widely from one graduation
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to the next. It still satisfies (2.4) with S2 equal to the variance of

h( •; R, H, T, D)/R.

2E. There does not seem to be any guidance to be had from the

numerical values of the parameters in empirical fits either. In fact

one of us (Berge) has discovered that there are combinations of values

of H, T, and D which seem completely wild as compared to what we are

used to seeing in empirical graduations, yet the corresponding curves

seem quite reasonable as fertility curves go. Six such combinations are

given in Table 1, along with corresponding values of U, M, and S 2 .

Figw,es 2 and 3 contain plots of the corresponding curves.

These plots bring out another interesting feature too, viz.,

that even though curves 1, 2 and 3 have widely different values of H,

T, and D, their graphs are quite close to each other. Similarly for

curves 4, 5 and 6. Normed sums of squares of deviations between pairs

of curves in each group have been listed in Table 2. (A discussion of

the norming procedure is given in Subsection 2F below.) These "fits"

are almost incredibly good, and we doubt wether it would be possible to

choose one out of such a pair of functions if one were to graduate raw

fertility rates with them.

On the other hand, the parameters R, U, M, and S 2 are quite

stable (in the sense explained in Subsection 1E) in the cases documen-

ted here as well as in a couple of other cases which we have studied.

For these reasons, we recommend the replacement of the parameter vector

(R, H, T, D) by (R, U, M, S 2 ).

2r. Each cf the normed sums of squares of deviations in Table

2 has been calculated by dividing the straightforward sum of squares

of deviations by the square of the mean of the corresponding two R-

values. Thus, if the two curves are R f (x) and R 2
f
2
(x), and if R

1 1	 0
(R

1
-.1-R

2
)/2, then the corresponding normed sum of squares is

x
EfR 

1
 f (x) - R f (x)1

2
/R

o
2

.

The purpose of this procedure is to facilitate comparison of the fits

between pairs of curves by eliminating the influence of the different

areas under the various curves. Since p !.'R
2
 in all the cases we con-

sider, the normed sum of squares is roughly equal to

2 {f1 (x)-f 2(x)}
2

x 
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Table 1. Some unconventional parameter values for the Hadwiger func-
tion which produce highly similar and reasonable fertility
curves

Curve No.	
R	 H

(area)
U=D+T

S
2
=1

2
/(2H

2
)(mean) (mode)

Group I

1	 0.974	 5.478	 48.149	 -22.107 26.042 24.854	 38.628

2	 0.983 14.267	 125.420	 -99.766 25.654 25.193 	 38.640

3	 0.983 51.026	 443.415 -418.107 25.308 25.181	 37.758

Group II

4	 1.061 51.891	 515.445 -490.032 25.413 25.271	 49.334

5	 1.056 63.790	 631.566 -605.836 25.730 25.60 3 	49.012

6	 1.049 74.961	 749.431 -723.925 25.506 25.405 	 49.976

Table 2. Normedx sums of squares of deviations between pairs of curves
in each group in Table 1, per 100 000

Curve No.
2
	

3
	

5
	

6
Curve Na.

1
	

3.93
	

9.41

2
	

2.75

4
	

4.07
	

1.46

5
	

2.34

x
See Subsection 2F.



sa.

12

;‘,0*

o

„

I
\

•4' 	

•	
•	

•

•n
•n

 n
••••

•

•

ie

A
If%

o00-



1
3

14.



14

3. The inconsistency of moment estimators.

3A. In a series of papers, Yntema (1953,1956, 1969; Gilje and

Yntema, 1971) has discussed estimators for the parameters R, H, T, and

D of the Haiwiger function. One form of his estimators, as given by

Hoem (1972, Subsection 7.4), is as follows.

Denote the "raw" obsewed fertility rate at age x by Xx 
Let

A	 A 

, 
A	 A A

R =EXU= ExX /Rx xx x

and

= min{x:X X for all y }.x y

Let [y] denote the integer value of y, and let

.	 A	 A

V	 1:1, h =,

and

A	 ^2 4	 A A ^2T = R /{-	 (U-M)h },3

A	 A A

D = U-T,

= hT IT R.
^^	 A

Then (R, H, T, D) are Yntema's estimators of (R, H, T, D). (Yntema,

1969, actually suggests some simple preliminary smoothing of the raw
r‘4

rates before M and h are calculated.) In view of (2.3), (2.4) and

(2.6), we let

(3.1)	 M = D+T

and

A
1+16H

4 / )1/2

^2	 A 2A2 T	 R( 3.2 )	 S = -772. =
2H

A A A ^ 2
Following Yntema's lead, we have then used (R, U, M, S ) as moment esti-

mators for (R, U, M, S 2 ). Thus, we regard R only as a preliminary esti-
A

mator for M, and substitute M for it when it hasserve ,1 its function.
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D, U, , and S 2 converge iM	 n probability to values Ro , Ho , To , Do , Uo ,

M
o' 

and S0 
2 

respectively, and these values need not coincide with those

of the parameters R, H, T, D, U, M, and S 
2 which one wants to estimate.

Formulas for R0  To 0 D U1 0 1 MandSare easily derived. Thosec 	 0	
2

0

for R,
	T0' D '

 and U0 are given by Hoem (1972, page 590) and will
0 

not be repeated here. The formulas for M and S
0
2 are the same as (3.1)

	A A A	 A	 0
and (3.2) with R, H, T, and D replaced by Ro , Ho , To , and Do , respective-

ly.

3B. As the population size increases without bounds, R, H, T,
A

15

Previously, no one seems to have looked into the discrepancy

between the R 0' H 0 etc., and the underlying parameters R, H, etc. We

have listed a few comparisons in Table 3 below. It will be seen that

we have used only two different sets of values for the underlying para-

meters. For both sets, we have applied Yntema's approach, with single

year age groups between ages 15 and 50 (cases no. 1 and 2 in Table 3).

In addition, we have applied his approach once more to the second set,

again with single year age groups, but now with an age span from 15 to

44 (case 3).

The discrepancy between the quantities H 
0
 , T 

0
 , and D0 , and the

corresponding parameters can be quite considerable. A comparison of

cases 2 and 3 shows that even the choice of age groups can be important.

There is a corresponding discrepancy for R o , Uo , Mo , and S 0 2 ,

but it seems less important at least for R 3 , U, and M
0
 than for H

0 ,0 
To , and D0 .

3C. The formulas of Yntema s estimators have been set up by a

largely intuitive argument which exploits an analogy between on the one

hand the theoretical Hadwiger model, where age appears as a continuous

variable, and on the other hand the real data, which are organized by

age groups. The discrepancy between the probability limits of the esti-

mators and the parameters estimated is due to the fixed discretization

involved in the presentation of the real data by (say) single-year age

groups. If the length of the age interval cf each

ae group were permitted to decmase suitably to zero

as the population size increases, and if the number of age rroups were

permitted to increase correspondingly, the discrepancy would disappear.

This is not part of the type of approach inherent in methods of analytic

graduation of vital rates, however, and this type of discrepancy there-

fore becomes an integral part of graduation theory. It is not parti-

cular to Yntema t s estimators, and we demonstrate it again in connection

with the gamma density below.



16

Table 3. Three sets of values of parameters R, H, T, D, U, M, and S
2

of the Hadwiger function, and the corresponding values of R
H
0' 

T
o DUM0'

 and S2	 0
' 

Single
year

2 age
groups
used

Para-
meter 1)
value	 3.716 1.206 15.440 14.260 29.700 23.669 81.967

Yntema
value 2 )	 3.589 1.864 21.571	 7.084 28.655 24.497 66.946

Para-
meter
value 2.957 1.764 18.239 9.263 27.502 23.623 53.453

15-50

2 Yntema
	 15-50

value 2 ) . 2.925 2 293 22.549	 4.666 27.215 24.228 48.336

Para-
meter3)
value	 2.957 1.764 18.239	 9.263 27.502 23.628 53.453

2x
Yntema
value 2 )	 2.869 2.556 24.647	 2.183 26.831 24.162 46.492

15-44

Case
No.	 H

1) Values of R, H, T, etc. Source of values: Combined data for l968-
7 for 13 municipalities on the Norwegian West Coast (Kvitsøy,
Bokn, Utsira, Austevoll, Sund, øygarden, Austrheim, Fedje, Solund,
Askvoll, Selje, Sande, and Giske).

2) Values of Fb II) , To , etc. Derived by Yntema's method.
3) Values of R, H, T, etc. Source of values: Gilje, 1969, p. 130

(Norway, 1966).

Note that cases 2 and 2K are based on the same data.

3D. Fortunately, the type of discrepancy demonstrated above

does not seem to have important consequences for the results of analytic

graduation by methods like, say, least squares. At least this is so for

the numerical cases we have studied. We have proceeded as follows.

For each of the sets of values of R, H, T, and D, in cases 1 and

2 in Table 3, we have calculated the values of the Hadwiger function for

ages 15, 16, ..., 50. We have then trated this set of function values,

say
5 x16'	

Xx
50 , 

as a set of"ol-)served" fertility rates, we have

calculated the corresponding Yntema "estimates", and we have finally

used these as starting values for an iterative algorithm producing

least squares "estimates". (Since there is nothing here that corres-

ponds to the size of each population group, minimum chi-square "gradu-

ation" is out of the question.
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The results are impressive. The differences between the para-

meter values and their least squares "estimates" never exceed 1/1 000,

and the sums of squares of deviations between the X
x 
and their least

squares estimates are of the size order of 10
-6 

of less. Such differen-

ces may well be due mostly to rounding errors.

. Graduation b means of the •amma densi

4A. For comparison with Hadwiger graduation, we shall take a

brief look at fertility graduation by means of the gamma density. In the

latter case, the function which is fitted to the empirical fertility

curve has the following form:

(	 Lb (x-d)
1
e 

xd)/c4	 c.l)	 g(x; R, b, c, d)=.	 for x>d.

The parameter R still represents the level of fertility, and childbearing

starts roughly at age d. If we denote the mean and modal ages of child-

bearing by p and m, respectively, and the corresponding variancc by r;
2 ,

then

p-m, and b	 (t-d)/c c 2/c 2

Thus, all four parameter R, b, c and d are reasonably interpretable

in terms of descriptive characteristics of the fertility curve. It is easy

to construct moment estimators. It is also easy to reparametrize, e.g.,

by substituting, say, R, p, m, and a for the four parameters used in

(4.1).

4B. We have carried out some numerical experimentF with the

gamma density similar to the ones which we described in Subsection 3 D for

the Hadwiger function. Thus, we have constructed sets of "observed" fer-

tility rates for a couple of cases, we have calculated corresponding

moment "estimates", and we have used these as starting values for an

iterative procedure which produces least squares "estimates". The re-

sults are roughly as encouraging as were the ones reported in Subsec-

tion 3D. For the cases which we have investigated, a parametrization

by R , p, m, and a2 turns out to give much more rapid convergence than,

say, the parametrization in (4.1). This is probably due to the greater

stability of R, p, m, and 02.
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4C. In order to find out how well the gamma density function

can represent a Hadwiger curve, we have carried out a gamma least

squares "graduation" of the "observed" fertility curve corresponding to

the Hadwiger functions with the parameter values of cases 1 and 2 of

Table 3. The fitted parameter values of the gamma densities have been

listed in Table 5, along with the normed sums of squares of deviations.

The curves for case 2 have been plotted In Figure 4. The fit is very

good in this case. The curves for case 1 have been plotted as the

stipied curve and the unbroken curve in Figure 5. The fit is good,

but not overwhelmingly so. Out of curiosity, we have subsequently fitted

a second Hadwiger curve to the gamma curve of case 1. The resulting

parameter values have been listed in parentheses as the "subsequent

Hadwiger re-fit" in line 3 of case 1 of Table 5, and the corresponding

curve is the dotted one in Figure 5. This fit gets slightly better.

It is interesting to see that the re-fit leaves us roughly where we

started.

4D. We have gone on to fit a Hadwiger densit by least squares

to the "observed" fertility curves corresponding to the gamma density

function with the parameter values of cases 2 and 3 of Table 4. The

fitted parameter values have been listed in Table 6. The diagrams of

these curves look quite similar to Figure 4 without its stipled curve

and are not displayed here. The fit is very good in both cases.

Table 4. Three sets of values of parameters of the gamma density func-
tion, and corresponding probability limits of the moment
estimators

Case
No, 

Parameter

	1 
value') .... 3.618	 29.050	 23.773	 61.159	 2.196	 5.277 17.460
Probabili-

	

ty limit ... 3.553	 28.517	 25.685	 46.924	 5.851	 2.832 11.948

Parameter
2 value 2 )	 2.939	 27.390	 23.630	 49.056	 3.471	 3.759 14.341
Probabili-

	

ty limit ... 2.918	 27.188	 24.588	 43.588	 6.448	 2.600 10.422

Parameter
	3 value 3 ) .... 1.927	 25.120	 21.956	 32.026	 3.198	 3.165 15.000

Probabili-
ty limit ... 1.925

1) Thirteen Norwegian municipalities. (Corresponds to case 1 of
table 3.)

2) Norway, 1966. (Corresponds to case 2 of table 3.)
3) Hungary, 1961. (Gilje, 1969, p. 134.)

02
	

o
	

d

25.080	 22.314	 30.882	 4.038	 2.766 13.914
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4L. To the extent that the results reported in Subsection 4C

and 4D carry over to other numerical examples, they raise an important

question of principle. If these pairs of curves had appeared as the

results of parallel graduations of real data, once by means of the Had-

wiger function and once by the gamma density, we know of no objective

way of selecting one out of the pair as more appropriate a graduation

than the other. In other words, it looks as if we are faced with a second

practical identification problem connected with the Hadwiger function,

over and above the one reported in Subsection 2E above. The second

problem is that of distinguishing the values of the Hadwiger function

from corresponding values of a gamma density in a manner sufficiently

clear to be of practical use in applications to real data.

This finding fits well in with the fact that previous research

has failed to establish either of these functions as systematically

superior to the other for purposes of fertility graduation.

Table 5. Parameter values of the gamma density fitted to the Hadwiger
function of cases 1 and 2 in Table 3

Normed
sum of

Variance squares of
deviations

Case 1

Case 2

Hadwiger
parameter 1)	3.716	 29.700	 23.669	 81.967

4.2.10
Gamma para-
meter	 3.618	 29.050	 23.773	 61.159
.'311bqequent	 (3.0.10-5)
nadwiger
re-fit 4 )	 (3.695) (29.460) (23.792) (76.001)

Hadwiger
 2)parameter	 2.957	 27.502	 23.628	 53.453

1.0.10
Gamma
parameter	 2.928	 27.322	 23.687	 48.254

Mean
	 Mode

1) Thirteen Norwegian municipalities, 1968-71 (case 1 of Table 3).

2) Norway, 1966 (case 2 of Table 3 ).
3) For an explanation of the norming procedure, see Subsection 2F.

4) For an explanation, see Subsection 4C.
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ModeR MeanCase No
I)

Normed sum
Variance of squares

of deviations

2

Gamma
parameter 2) 2.939	 27.390	 23.630	 49.056

3 1.9.10
-5

Hadwiger
parameter	 2.967	 27.546	 23.603	 54.069

Gamma
parameter

3)
	1.927	 25.120	 21.956	 32.026

Hadwiger
parameter	 1.947	 25.258	 21.937	 35.654

22

Table 6. Parameter values of the Hadwiger density fitted to the gamma
densities of cases 2 and 3 in Table 4

1) For case 1, see Table 5 and Subsection 4C.

2) Norway, 1966.

3) Hungary, 1961.

4) For an explanation of the norming procedure, see Subsection 2F.

Added in proof:

Extensive data on empirical fertility graduation have been published
recently in

Norman, K. and E. Gilje (1973): "Analytic graduation of age specific
fertility rates in the London boroughs." Greater London Council,
Department of Planning and Transportation, Intelligence Unit,
Research Memorandum No. 423.
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