


Summary

In the present paper, formulas are given which show how age-specific
mortality rates and fertility rates appear as weighted averages of underlying
forces of mortality and fertility. This is done separately for period rates
and cohort rates, which turn dut to have radically different properties. More
general rates are aiSO introduced and investigated. In a final chapter, it
is shown how the thedry could be extended to a simplistic description of
school attendance.

A certain type of fobmula which has appeared in the demographic literature,
turns out to have less general applicability tHan apparently believed before.

It is valid in generalized stable populations, and as an approximation in .

connection with sectionally (generalized) stable pcpulations, but not elsewhere.

l. Introduction

A. Consider a model population exposed to a mortality schedule given by a
force of mortality function u(:). Let us define the period male death rate in
the model for the ages x to x+n, say for a given year, as the number of male
deaths at such ages divided by the aggregate number of person-years lived in
the age segment during the year, both calculated according to the model. Such
a rate measures the mean mortality risk over the given age interval, and it can
be expressed as a weighted average of the instantaneous death rates u(x+t) for

0 < t < n in the form
(1) Z wx+t))u(x+t)dt/ 2 wix+t)dt .

If we take the value w(x+t) of the weight function at age x+t to represent the
number of males in the population that will ever reach age x+t during the study
period, then (1) is immediately seen to hold for any model population, whether
open or closed.

The purpose of the present paper is to study formulas like (1), partly
with different interpretations of w(-).

B. The idea that the death rate for an extended age interval can be regarded

as a weighted average of corresponding rates for shorter intervals is quite
familiar in demography, but apparently explicit formulas similar to (1) have

only been published quite recently (except for very special cases).



Keyfitz [(1970), compare also (1968a), page 173, (7.1.72] gives the formula
(for n=5)

5 . Lk
(2) g p(x+t)u(x+t)dt / Z plx+t)dt,

which he takes as valid if we "suppose a continuous function p(x+t) underlying
the observed age distribution within the age group x to x+5. This means that
the number of individuals in the exposed population between ages x+t and x+t+dt
is designated p(x+t)dt."

Lef us introduce

p(x) = p(x) / § plw) qu.

We can replace p by p in {2) without changig the value of the ratio. Let us
imagine that this has been done. The function p represents the age distribution
of the population at a particular moment. This disﬁribution will change over
time, except in stable populations. For a meaningful interpretation of formulas
like (2), it is thevefore necessary to specify, either

(i) at what moment p represents the population age distribution, or

(ii) that the population considered is taken to be stable.

We shall see how important it is not to omit such a specification: In
the present paper, we take'g to represent the age distribution at the beginning
of the study period, which we call "time zero". (Compare Keyfitz (1968a),
page 97.)

C. Through private conversations, I have found that many people consider the
representation of the mortality rate by (2) as being self-evident. Unfortunately,

it is not so.Quite contrary to this belif,not only is it not self-evident, but

it is not even correct except in particular circumstances. Fortunately, it is

correct in stable populations, and many papers on mathematical demography.,
like Keyfitz's from 1970, really confine themselves to such populations even
though it is not always explicitly stated.

In fact, we shall show that in a closed population (2) is correct as a
general formula, i.e., for all x simultaneocusly,

only when the populaticn is of a generalized stable type, viz. when p has the

form
(32)  plu) =,z Ae KT g(u),
and at the same time

rkt

(3b) b)) = ,F A e,

where b(t)dt represents the number of live babies (of the sex considered) born



into the population between time t and t+dt. The constants Byshyse.. are the
same‘in (3a) as in (3b), and so are Pl seee .2(x) is, of course, the survival
function. We take 2(0)=1.

R. We shall prove the above claims in section 2' In section 3 we study
similar questions for cohort mortality, which turns out to be much simpler.
We élso introduce a general mortality rate and give corresponding formulas.
In section 4 we show how this reasoning can be extended to cover age-specific
fertilitg rates. The same theory can easily be formuléted for the multiple
decrement situation also, but we shall not do so.

The structure of the cases just mentioned is really very simple, and we
get nice formuléSa The same kind of theory can be brought to bear on more
complicated situations, but then the complexity of the formulas increases
rapidly. As an illustration, we use a simplistic model for school attendance;
where the mathematics are still manageable (section 5).

Our account is written in the pseudo-probabilistic vein commonly
employed in classical population mathematics. r;he possibility of immigration
and emigration does not really throw any liggg‘on the questions we want to
discuss here, but rather tends to detract attention from our main line of
argument. In what follows, we shall therefore consider a closed population only.

In order to avoid burdering the account with mathematical niceties
which really are beside the point, we shall assume that all functions appearing
are continuous, and also state here once and for all that the set © appearing

in sections 3B, 4C and 5C is taken to be Lebesgue measurable.

2. Period mortality rates

A. Let us designate our study period by [b,f]. We want to derive formulas
for the mortality rate.nMX for the age interval from x to xtn. Let an denote
the number of deaths during [b,f] with age at death between x and x+n, and let
ntx -
age interval [%, x+n> during the study period by people in the population.

denote the aggregate number of person-years lived (total lifetime) in the

(We prefer to use script letters M, D,and L to avoid confusion with standard
notation possibly having slightly different meaning.) Then nvx is the number

of deaths in the region QO in the Lexis diagram in figure 1, an is the aggregate
length of lifelines ever entering Qy, and we define

M= v/ L .
DX nX nx
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The Lexis diagram. A region Q. of interest in studies of

0

period mortality




Assume for the time being that x>T. This means that persons born into
the population during the study period cannot contribute deaths or lifetime in

Qgs because their lifelines never enter this region. Then

AL x+n min(T,x+n-u) L(utt
() nox - x—T mai(o x-u) p(u 22 ; ) uutt)dt du.

This formula is valid both for T < n and for T > n.

The proof of (4) goes like this: Assume first that T <n, as in figure 1.
The individuals who can contribute to npx’ are those who at time zero have ages
in the interval from x-T to x+n. Let us split this interval into the three
subintervals E<~T,x>, [x,x+n-T>, and [x+n-T,x+n], and let us first consider the p(u)du
individuals at a particular age u, say for ®x-Tgu<x. They will start contributing
deaths from‘the moment their lifclines enter Qg, which is at time x-u. At time t,
for x-ugt<T, p(u)du{f(u+t)/e(u)} of the original p(uldu individuals will still
remain aiiveg and during the period (t,t+dt) they will contribute
p(u)du{2(u+t)/2(u)}u(u+t)dt deaths. The entire cortribution to an from people
staring in the age group from x-T to x at time zero is, therfore,

X

f (u}£u+)

Ip oLy ) plutt Jdt du.

Similar arguments for those who have ages between x and x+n-T at time zero, and
separately for those who then are in the age bracket from x+n-T to x+n,
give (4) for T<n.

In the case where T>n, (4) is seen to hold by considering each of the age

groups [}—T, x+n-T>, Ek+n—T,x>, and Ek,x+n], separately. This establishes (4){]

Introducing y=ut+t for t and changing the order of integration, we get

pu)
y=T z(u)

By a similar argument, we get

x+n
(5a) v, = [ z(y)u(y)

nY« A du dy for x2T.

(5b) Lx = f 2(y) . T.Rﬁﬂl du dy for x3T.

n 2(u)
If we let
_ ¥ 2(v)
w(y) = yIT p(u) YY) du for y2T,

then w(-) has the verbal interpretation given at the eid of section 1A, and we

see that'd%x equals the expression in (1). It does not generally reduce to (2),

so the latter is not a correct general representation of]Jux-

B. If x<T, individuals born during the period 0,T-x] will contribute to‘an
and an' We let a function b(+) be defined verbally as underpneath (3b),



without necessarily assuming that (3b) holds. If we introduce

_ fpu)/eu)  for u20,
(6) i(u) = iP(‘u) For wio,

then one can establish the following two formulas by an argument quite similar
to the one for (4):

) x4n \ v
(7a) nux = L yhu@) yJT A(u)du dy,
and

¢ - x+n y
() < = 4 y) y[TA(u)du dy.

Note that (7) reduces to (5) if x>T, sc (7) is valid whether x<T or x>T.
rE 3 . - - y A -
oM, is seen to equal (1) with fW(y) =2(y) yiT A(u)du for all y20.

L. We have shown that (2) is not generally valid, ard turn now to the case

of a stable population, in which case we shall see that (2) is correct. Let

(8a) p(u) = Ae “2e(u),
(8b)  b(u) = A",
where A is any positive constant. Then
(9) A(u) = Ae TY,
and

y
(10) yIT A(u)du = o A(y),
with

(ll) o = ! r%f r=0’
(e "-1)/r if rio.
We also get
D -pt 0 -pt
(12) nMx = ée 2(x+t)u(x+t)dt/6e 2(x+t)dt,

which means that (2) is valid when (8) holds.

In fact, (2) is correct under more general conditions than this. In
proving (12), we did not use (8) itself. We rather used (10), which in effect
tells us that the double integrals in (7) can be reduced to single integrals.

We see that (2) is valid if and only if (10) holds for some a>0, not necessarily
the o given by (11).

It is a nice fact that we can solve (10) and find what form A must have

to satisfy this relation. We differentiate (10) and get
o 'agy' [\(y)'ﬁ(Y)‘i'-’.\(Y'T) =0 for ygo

This is a differential-difference equation studied in some detail by Bellman and

Cooke (1963). It turns out that all solutions of (10) are of the form



(13)  aly) = kzé A e TKY

9

where the Ak dre arbitrary constants. PysTpsees are all the non-real solutions
of the characteristic equation

(14)  ox = &FT- 1,

(Compare (11). Note the following difference: In (1l), r was given, and we

derived a. In (14), o is given, and we solve for r.)

i . >
{14) has two real roots,p, and p,,say. Here, e, = 0, while °, 20 as
>
@2 T¢ In (13), TyE Py Thus
L2 >
ro 3 0 as « b T,

(13) is, of ¢ourse, equivalent to (3).

D. We have investigated, among other things, the validity of (2) as a
generdl formila, i.e., for all x simultdheously, and we found that (2) is valid
if and only if (10) holds for all y20. 1f we are only interested id a particular
value of %, it is of course sufficient that (10) holds for x<y<x+5. This will
be the case, e.g., when (8) holds for x-Tsu<+5. Similarly, (12) will hold for
particular x and n if (8) is wvalid for x-Tgu<x+n. (Note that it is not enough
that (8) holds for xgu<x+n.)

If (8) is approximately valid for x-Tgu<x+n, then of course (12) is also

approximately correct. On this basis, Keyfitz (1968 b, 1370) has developed a
method of retrieving values of the 2(-)-function from a series of known values
SMO’ 5M5, SMlO"" for the mortality rates on the assumption that the population

is (approximately) what he calls sectionally stable (Keyfitz, 1968 b, page 1260).

E. In many situations, a demographer does not have nLX available, but must
use some approximation, such as the midperiod population segment or the average
between the initial and final population segments. This gives rise to mortality
rates which are slightly different from nMx' The size of the relevant population

segment at time t is
x+n-t

nP’X(t) = xlt n(u)f(utt)du.
In particular, an(%T) is the size of the mid-period population segment. We define

“ - ‘ L]
nMx - nux/{npx(%T) T}

and

. i
iy = /3P (0)+ P (T)).T}.



If (8) holds, with r=0, the three rates coincide. If (8) holds with
r£0, we get

, L
(15) nM;i = nMx°(eirT - e 3rT)/rT
and oT
M:;i - M . 2£e "l)
nx n=x

rT(erT+l)

The correction factor in (15) is approximately equal to
l+r2T2/24
as has been pointed out by Robert Retherford.

3. Cohort mortality rates. General mortality rates

A. Let p(-) and b(-) be defined as above. Cohort mortality functions will
not coincide with the corresponding period mortality functions, so let us
designate the former by a prime. Thus, for instance, the cohort survival
function value at age x is 2'(x), and the corresponding force of mortality is
u'(x). (The prime must not be confused with the symbol for a derivative. We
shall not use the prime in the latter meaning in this paper.)

We shall now give formulas for the mortality rate nMx' for the age
interval from x to x+n for a cohort born during the period from T'-x to T'+T''-x.

Compare figure 2. The number of deaths in QB is

. n
DA Bx' 6 L(x+t)u(x+t) dt,

n x
where
x=-T'
B, = X_T{_T,,A(u)du.

The corresponding exposure time is
n
L °
an = BX 6 L(x+t)dt.

Thus,

(a6) M= D1/ L= ] aGestduCertdat/] alxrt)dt.

Note that these formulas hold for all n>0, all T''>0, and all T', not
only when the configuration is as in figure 2.
Note also that M' is entirely independent of p and b, in striking

n x
contrast to nMx' Thus (1.6) holds in a stable population also. One should not

insert the factor e “* in the integrals in the formula for nM; as we did in (12).
(16) can also be written as
n
f = -
nMx = {a(x) - 2(xm)}/ § 2 (x+E)dt.
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B. QO and 96 in figures 1 and 2, respectively, are areas in the first
quadrant of the plane, and we have defined mortality rates nMx and nM;
corresponding to these areas. We can go further and define a mortality rate
M(Q) corresponding to an arbitrary area { in the first quadrant.

We designate a point in the plane by (t,x), and let

T = sup{t: () ((t,%)em)},

i.e. T is the latest moment for which observation in 9 is carried out. We
assume that 0<T<w,

The number of deaths in Q is

¢ T L ; ‘
v(Q) = ‘ﬁ 6a(x)z(x+t)u(x+t)19(t,x+t)dt dx,
where

1 if (taY)EQ’

Iﬂ(t sY) =
0 otherwise.

The corresponding total lifetime is

L) = _$ zﬁ(x)z(x+t)lg(t,x+t)dt dx,

and the mortality rate is
(17) M(Q) = D(Q)/L(Q).

(4), (5), (7), and (16) are particular cases of these formulas.

4., Fertility rates

A. Let us designate the force of fertility at age x by ¢(x). Thus the
probability that a woman at age x will have a birth within age x+dx is ¢(x)dx.
(For a more detailed discussion, see Hoem (1970). Keyfitz (1968a) and many
others call this quantity m(x), but we prefer our own notation both because we
consistently use Greek letters for forces of transition, and because the letter m
is used for so many quantities connected with mortality. Note that ¢ is not
the net maternity function (Keyfitz, 1968a, page 1u40). The latter equals
¢(x)2(x) at age x.) We shall now see how one can define fertility rates for the
female population in analogy with the mortality rates we have studied above. The
similarity with the mortality formulas is striking, and the arguments are

essentially the same, so we can be very brief.
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B. Period fertility rates. Let T be less than the age wg at puberty, so that

no one born during the study period can also bear children during this period.

The number of births in the study period between ages x and x+n are then
¢ xtn  min(T ,x+n-u)

= 2(utt)
n'x - xdr mak (0,x-u) (u)

,Q(U) ¢(u+t )dt du

x+n ¥ pla)
£ 2(y)e(y) yfT E(u)du dys

in analogy with (4) and (5a). The period fertility rate is an/an- If, in
particular, (10) holds, the rate is

h n
6 p(x+t)¢(x+t)dt/6 p(x+t)dt.
(Compare Keyfitz (1968a), page 173, (7.1.8) and the lines below it.)

¢+ Cohort and general fertility rates. In analogy with (16), we get the cohort

fertility rate for the ages from x to x+n to be
n I
6 z(x+t)¢(x+t)dt/éz(x+t)dt.

A general fertility rate, corresponding to the arbitrary area Q, is
defined as F(R)/L(Q), where

T
(8) F@) = ?’T I AGORGRHE) gLt T (£, x)t dx

is the number of births in Q.

5. A model for school attendance

A. Preliminaries. The situations giving rise to the mortality and fertility
rates we have discussed above, are very simple, and we get nice formulas. As an
example of a case which is more complex but still manageable, we shall briefly
consider a model for school attendance, and shall give formulas for school
entrance and drop-out rates.

As a description of real-life school attendance, the model suffers from
the weakness of being rather too simple, in that a person's previous school
history is not taken into account, except insofar as this is reflected in his
current status as being in school out of school. We include it here, nonetheless,
because

(i) it may have some pedagogical merit as a relatively simple

illustration of how the theory of the previous chapters may be extended,
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(ii) it does have some of the more important features that a school model
should have, and

(iii) it is not more "unrealistic" than many of the other models
commonly used as abstractions of population phenomena. In this respect, it is in
fact just about on the same level as the type of very standard fertility model
which we discussed in chapter 4. In the latter, an individual's previous
fertility history is disregarded. rf% is easy to conceive of practical situations

where the lack of availability of data on individual histories forces the

investigator to work with models of this type.

B. Some basic concepts and notation. We start by introddicing some basic forces

of transition (p,v,and i), some transition probabilities (r,s,p;; and s), and some
survival type functions (Qr and ES).

Let p(x)dx be the probability that a member of the population who is not
in school at age X, will enter school within age x+dx.

Let v(x)dx be the probability that an individual who attends school at
age X, will leave school within age x+dx.

Let u(x) be the force of mortality at age x, both for individuals
attending school and for those not doing so.

Furthermore, let

t
school at age x, will attend school at age x+t, and let +5x be the probability

r be the probability that a person who is not in

that someone who attends school at age x, will also be in school at age x+t.

Let _
tpx = JL(X'i‘t)/Q,(X),

ls(x) = Py» and 2r(x) = Z(x)-zs(x)-

Then £_(x)/%(x) is the probability that an x-year-old attends school, and
2. (x)/2(x) is the probability that he does not do so.
Finally, let +Fx and +5x be the values +Fx and +5x would have if there were

no mortality, i.e. if we replace u by zero everywhere.



1

One may prove that the following formulas hold (Hoem, 1970, (5.4)).
(1%a) r_ =

(19b) 5% T 5% " tPx’
The Kolmogorov forward differential equation (Feller, 1957, page 426) for

is

wl

3 - -
3T 5% © -tsx{v(x+t)+p(x+t)}+p(x+t),

which has the solution

_ t -
s, = exp{*é [v{x+t)+p(xt1)]dr}

; tx

(20a) £ £

+ é p(x+t) exp {-S [b(x+g) + p(x+£)]dg}dr.
T

Similarly,
- t , t

(20b) . = é p(xtt) exp {-f [V(x+£) + p(x+£)]dE}dr,

T

so that
- _ - t
£S5 = Fx T exp {—6 [V(x+1) + p(x+t)]dr}.

We conclude that

X X
(21) ls(x) = 2(x) 6 p(t) exp {—{ [v(t) + p(ri]dr}dt,
and get

&0 © ls(x) / 2(x).

g. General school entrance rates and drop-out rates. In analegy with the
previous notation, we let pr(x)dx denote the number of individuals in the age
bracket from x to x+dx who at time zero do not attend school, and let ps(x)dx
denote the corresponding number in school. Then, of course, p = P, t Pge

The number of times one observes that some person enters school in the

arbitrary area 2 in the Lexis diagram, is

R(Q)

1

wT
L5 ey - 2 delyit) Io(e,yre)de dy

+

2 Z Pg(¥)(py = (s dplytt) Io(t,y+t)dt dy

-+

w T

J J b(t)e _(y)o(y) I (y+t,y)dt dy.

00 r &

The aggregate not-in-school lifetime in Q is

Lr(a)

1]

+
OSE OSE ONE

T
é Pr(y)(tpy - try) I, (t,y+t)dt dy

T
6 ps(y)(tpy - tSy) Ig(t,y+t)dt dy

T
6 b(t)lr(y) I, (y+t,y)dt dy.



We then define the school entrance rate for Q as
R(Q)/L ().

The corresponding drop-out rate is
S(Q)/LS(Q),
with

S(Q)

1]

+
O\ E ORE OWNE

pr(y)"try-v(y+t) I, (t,y+t)dt dy

ps(y) -tsyév(y+t) IQ{t,y+t)dt dy

O H O+ O3

b(t)zs(y)v(y) Iﬂ(y+t,y)dt dy

and

[

+
O'“E O%%E OYE
O H O3 O3

LS(Q) (y) . ry- I (t,y+t)dt dy

ps(y) . sy* I (t ,yt+t)dt dy

b(t)zs(y) Iﬂ(y+t,y)dt dy.

D. Generation rates. By specialization of the above results to the Qa in

section 3, we get the following generation rates:

Entrance rate:

n
2 (x+t)p(x+t)dt / J 2 (x+t)dt
r 0 r

Drop-out rate:

O8 OB

2 (x+t)v(x+t)dt / ? 2 (x+t)dt.
S 0 S

Note that neither of these depend on Pr’ P> and b.

E. Period rates. For simplicity, let @ be such that no one born during the

study period can enter (or leave) school during [b,I]. We can then disregard the

third integral in each of the integral formulas of section 5¢. In this case,

u
R(Qy) = T 2(y)p(y)y{ Pziu; (1- _';ﬁ)du dy
xtn y Ps(u) -
+ i z(y)p(y)y{T oY) (1- y- su)du dy,
and
Xin y p,(u)
S(QO) = i 2(y)v(y)yfT oY) y_urudu dy
X y PS(U-) —
+ £ “(y)”(y)yfT'"ETES y-u"u du dy,

and similar formulas hold for Lr(ﬂo) and LS(QO). In the particularly nice

situation where (8a) holds, and where we also have



p(W)/p(u) = ¢_(u)/a(u)

for all u, we get the following rates:

n - n -
Entrance rate: [ e Ptzr(x+t)p(x+t)dt/é e rtQ,P(x-i-t)dt.

Drop-out rate:

o3 o

- n -
e I'tJZ,s(x+‘c)\)(}(:+'c)dt/f e I'tSLS(x-I-'t:)dt.
0

Note the many similarities between the results of the present chapter and

the previous ones.
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