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1. Introduction

IA. While crie would expect fertility to be a fairly smooth function

of age, the diagram of a set of observed age-specific fertility rates tend

to show a rather rugged curve, particularly in small populations. (See (--).g.

figure 4 below.) When it is reasonable to ascribe such 'irregularities to

accidential circumstances, one may get a better picture of the underlying

fertility by fitting some nice mathematical function to the observed values.

There are a large number of functions which could be fitted to observed

age-specific fertility rates. In this paper we wild give examples of the

fitting properties of some of these.

IB. The problem arose in connection with the making of population

projections for Norwegian regions (Cille, 19E8). As the fertility can vary

appreciably between the various parts of our widespread country, we wanted

separate fertility measures for each of a number of small regions. The observed

fertility turned out to fluctuate quite a lot with ago, and more in regions

with a small population than in regions with a larger.

We have no reason to believe that these 'irregularities' are due to

particular tendencies in the birth habits of the observed stock of women.

Therefore we ascribe them to chance fluctuations, and a priori assume that

the underlying fertility of the DoDulation in such regions is a regular function

of some kind. This assumption should justify that we try to fit a mathematical

function to the estimates, particularly for small populations. Here we of course

must use some discretion. When a Dopulation is too snail, the chance variations

will predominate, and a curve fitted to such observed values have of course

little or no interest.

Some previous papers related to this problem

2A • Investigations on curve fi -cting to ago-specific fertility rates

have recently been made by Mitra (1967), by Keyfitz (1067), and by Tekse (1967).

The latter two give references to many earlier authors.

In this paper, we shall take tIle studies by Tokse (1967) and Yntema

(1953, 1956, and elsewhere) as our sf:arting point.

213. Yntema recommends using the following function s originally suggested

by Hadwiger (1940, 1941):

3
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(2.1) 	 h (x) 	 ab (-)2 exp{-1) / (-
x

crn-



Here x represents age attained, 14 -1.1(.: a, b and c aro .7.!ramoters to be fitted.
A 	 A

If we let f
x 

denote the observed -:rtility reto at agc x, R, 7: E f thek.. 	 ^A	 1,- 	 x x
corresponding obServed gross .37rv1iii:y ra -'e, Rk 
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Yntema would estimate the parameters a and c by
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(2.2) 	 a r. R and c	 T,0

respectively. H 3 suggestions for estimators fcr b amount TO
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(2.3)
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	R2 - R )t - .	 Virft/R0,
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as well as

(2.4) 	 1.3, .7. 161+1;2 )

with a preference for ß. Here is tic integer value obtained by rounding of
A 	 A A	 A

1, The estimators a, b" and e have been found by the mcthod of moments.

(2.5)

Yntema (1953) also investif:c.1 - -Js n 'f--function of th::: form

x+d bc
y (x) 	 a(1 	 exr,i-c(x+01
Y

as well as that of a normal curve. H considers the corr esponding fit to this

Dutch data unsatisfactory. We will comment upon this latcr on (§ 4F).

2C• Tekse (1967, D. 194) finds the Hadwiger function of (2.1) wholly

unsuitable to represent his Hungarian ortility data, and prefers the ---function

in a form like

•

(2.6)
	T (X) 27- a(x 	 14) exT)i-c(- - 1 101.' 

As before x represents age attainc,d, and a, LI, and c are parameters to be

fitted. (The subtraction of 14 from x in (2.6) corresponds to moving the

origin up to age 14.)
^

Tekse "normalizes" his rates to f' f /R sets a .7: c /r(bil) 5
X 	 X 0 •

and estimates b and c by the mA-hod of moments and by the maximum likelihood

method. He also lists an example where he claims to have used the method of

least squares (Tekse, 1957, rabic 1), but as the simplc sum of squares of the

deviations of his least squares fit exceds the corresponding sums of squares

when he applies the two other methods to the sami:1 data, wc do not understand

what his "least squares procc:Jur cTually involves. As will be seen below,

wo have calculated several least squares estimaTs by his data, and have get

quite different results.



Tekse (1967. p. i97)
	

hypothesis tha the Hadwiger function x)

may give a better fit to the, 	of a high fc!rtiiity Dopulation, whereas the

7-function of (2.6) may bc:: prcrcc. in 	c lower fertility. He suggests

as well that "at least in Europc, thcr may 	 scm(2, conneion betwecr.

the level of fertility on the onu hcmd and 1) ,7 rciaivc. fertility in -censities

of the various age groups, î. th:, form of the fel,tility function on the

other hand." Our results scum to cast some further iht on these suggestions.

Tekse also considers some further functions, which we shall leave aside

here.

2D• The estimating method described in 	 23 and 2C are by intention

convenient for use on a tbie-calclatcr as -Chey involve only a fair amount

of calculating work. With th electronic computers now available : it is however

largely possible to disregard problems caused by lT±oursome calculations.

This gives us a much wider choicc of estimating procedures.

As far as we can se,no pcaticui.r advantElge is gained by using the

method of moments fully or partially, Instcad, WG have chosen the method

of least squares. Thus we haw:, 	 thosc parametor values which minimize

the expression

44
(2.7) F 	 (f 	 f )-,

x
x=ib

where
x still represents the ob-;01-vcd rate 

-1 -r riC, e x, and f represents the

value at x of the function 	 bc 	 to thc

The algorithm used -cc find - C f1 ,_: minimum of i is described by Neider and

Mead (1965).

We could alternatively have used 17hC?. x ' minimizing method, but rejected

this because of the undesirably L .P ,:N7,t leight laid upon ages with low fertility

by this method.

3. Choice of functions to be fitted

3A. We have used three vcrGion of tho gammn. function. Two of these

build upon the formula

(3.1) -(x) 	 a(x+d)b

and the third version is giver y (2.5). (x is slid.' agc: zutz-dned, and abc,

and d are parameters as before.)

x) Or alternatively a function due to Mazur.



TC!,1

The three versions arc.

Version i: 7(x) with a -1- 	 and d estimated by the *least squares method

(T,SM),

Version 2: y0.0 with a h, ìrx o stimatk,,d by thc fial, while d was

fixed at -14, and

Version 3: .,:(x.) with ;7,,c,ari(': d iT , sTamJItc(A by th LSM.

We observe that version 2 is that c)f Tekse (1957) giv3n by (2,0.

Versions 1 and 3 cannot be transfo - mei into each other by simple parameter

transformations. To obtain Y(:,:T.-'0 5ar all x=15, vi.: shall require that d>.-15

everywhere.
3B• A simple extension of the function given by (2.1) results from

	—ddino, a new parameter d 	 ïS

-

(3,2) h(x) = -----k---7)2 expt-
C7ii

a.2
(--- X*C. 	 -HI 	 C

4. 	 . 	 c 	 ,----- 	 ,-;r 	 4. 	 ,, 	 -_- 	
2 )

We have used two ver3ion.T, of

Version 1: h(x) with

and

Feneralized Hadwiger function, viz.

Version 2: h(x) with h estimaod by the LSM, d fixed at 0 and a and

C estimated by (2.2).

3C. The last functir,-, 	have given example:,, for, is a fourth degree

polynomial of the Form .

- . 	 9 - 	 4
(3.3) p(x) = ( +h 1G - (x-i4, 	 c 10 (x-14) - i 	 0

- 4
(x -14)

3 
+ e 10

0

In this context p(x) 1:11f:J tho 	 of 	 nco-otive values for

certain combinations ;;;17 x and the parameters a, b, c, 0, and c. Again wc

require that d>-15 (vcrywherc.

3D. We have also made some triai caicuiations on the beta function

(Pearson I) and the Pearson IV I:unction. Neithcx of those gave any promising

results, so we left thm asidc

4. Application to our data

4A • We have fitted 	 funcL1Hns given in § 3 to data from five

different sets of fertility rate:;, via . 1901 data for Hungary (Tekse, 1967,

D. 104) and 1966 data for Norwly 	 1-01, the three Norwegian municipaiitio3

of Oslo, Stavanger, and Tromso in 	 cases the rates given are age -specific

female fertility rates for offDrins of bc7)th sexes.



The observed gross fertiliy rtes for the five populations have been

listed in column 2 in -,ables G lc ,
	 In columns 3 to 3, we have giver. the

fitted function values. Below thesc columns, wc have iis -rod thc parameter

values obtained as well as thc corresponding least sums o:E squares of deviations,

i.e. the minimum of V' in (2.7)

The observed fcrtility 	 and 	 fittd Hadiger curves have been

drawn in figures i t!..-; 5. Some of our findings have be(,rn summarized in table I.

In table 2 we have iistcZ thc size of the fivc female populations in

question. We see that they vary greatly and that the fit increases strongly

with the size of the population. tc lso sec that the fertility varies appre-

ciably both as to fertility *level and 	 to skew nf th Ybserved fertility

curve.

(We have also made calculations on Swiss data for 1937 given by

Hadwiger (1941, p. 33). This gave nothing new, however, and we have not

included the results here.)

413. The tables show that 	 Dc,st alternatives aru either version

1 of the gamma function or vers ion i of the Hadwigcr function. For the data

from Hungary and Tromso, the Hadwiger function is hest, while the gamma function

is best for the data from Stavangcr, OsIc nd Norww. The difference is small

in all cases.

Thus while the second H:-Idwigcr function givcs a bad-fist to the

Hungarian data, as observed by 	 (1967) already, version i actually gives

a very good fit.

. 
A We cannot find any connection bctween the fertility :level, as measured

by Ro' and the choice between th tuo best functions:. On the other hand the
form of the fertility curve seems to have some effect, as hypothesised by

Tekse (cf. § 2C above). It i2 netLic that the fertility curves for te

populations of Hungary and Tromsø re skewer Ehan for, the others.

4C. The parameter d apper is a measure of the skew of the gamma

function. In our data, d in version i cf - :his function varies in the range

between a value slightly exceeding H.5 (for Hungary) and a value of -11.13

(for Oslo). It is c_cse to its :Lower bound of -15 in the populations with a

skew fertility curve.

4D. Similar1v J is a measilrc ,T.F the skew of the Hadwiger function in

(3.2). (cf. table i
	

the figures.)
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On comparison of th-, two vcrsions of the Hadwiger function the examples

make it quite clear that the offect of letting d vary is very strong. We
A

see that d in version 1 lies in thc: interval between -13.048 for Hungary and

0.101 for Oslo. The correspondLlg differences between the 'F.min.'-values

of versions 1 and 2 vary from `..530.4 per cent to 7.8 per cent of 'F.min."

if version 1.

Figures 1 to 5 show thc two versions of the Hadwiger function together

with the observed values. We see tha .:: the more skew the fertility curve is,

the better are the relative morits of vcrsion 1. On the other hand, the right-

hand tail of version i can be quite "hc.-avy . '. This is presumably the price we

have to pay for the better smoothing a the lower ages.

4E. In table 1 we have iised the vaiues of c-d mad T in the two versions
.1M11111111.1 A ,

of the Hadwiger function. It wiLl 	 seen that c-d and T are of the same

size order. We have not been able to explain why this should be so.

From tables 3 to 7 we scç: Lha -c corresponding a of the two versions

of the Hadwiger function are riot much differenT, while the b of version I can

be much smaller than the correspondin h of version 2 particularly for skew

fertility curves. In the Norwegian data, formula (2,4) rends to overestimate

the corresponding least squares estirate of b by 5 to 10 per cent of the latter.

For the Hungarian data, the differcncc, is negligible.

4F• We see that version 3 of 	 gamma function is a somewhat un-

fortunate alternative. We have included it for compraHson only.

4G. The polynomial has tho undesirable . property of giving negative values

for the age 15 and in some cases for the gc 44. Thin can of course bo corrected

for by replacing all negativc values Iv ero.

The fourth degree poiynomlai does not give the best fit in any of our

examples. Even so, the fit is quitc good tor some data sets.

5. Conclusions

On the basis of the invostig?Iions reported above, we draw the following

conclusions.

(i) The inclusion of - .11c ago-correcting parameter d in (3.1) and (3.2)

may lead to a substantial increa:w_ in as measured by the least sum of

squares of deviations.



(ii)On the basis cf our 1,(7:sulsts.. •t• is difficult - to choose between the

best versions of the gamma and t .11 -: Hadwigc,r functions, -1. -c seems possible

that the latter may be -ale hettcr fo .1 skew fortiiiy curves while the former

may be preferred for more symmetric çalrvcs. Trl any casû 	 differencc in fit

seems small.

(iii)If one prefers a simple functional for rathr, than the very

best fit, a polymoniai of lt last fourth (7,gre is reasonabi choice.
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. Tables and figures

Table

• • 0 • • • 6 • • •

• • 0 • • a

0 • e • • • • • •

Tromso • • • • • • • • • t •

Hungary • • • • • • • • •
•

	i 183 	 1 ii6J, 	2.83

	

2 273 	 2 :2:' 	 2 .00

	

7 779 	 7 (11(3 	2.73

	

25 856 	 '., 33; 	'A.55

	

t;(..;.9 	 1:5f.: 	 1....2

Norway 0

Oslo

Stavanger

-12

	-9„3	 27.5

	

0. • 	26.7

27.3

28.7

25.7

267

96.5

26.0

25.1.

,-)r"

Table 2

mmmmmmm•

Region raTc-
NuEd.(i:r 	 women in

a -7-c, interval 15-44

Norway • C 4 • • e • ••••••••••4•••r,• e
	 ol
	

712 500

Oslo • • • • • • • • • 0 • cs • , •••ageoo• .4 • •
	 98 09')

Stavanger •••••.................. 	 15 866

Tromso • • • • • • •	 • • 4 • • • • • • 0 .t
	 7 021

Hungary ........ 	 • • • • 4 • • e
	

I T - J 61 	2 142 000

Sources: Norwegian data: NIX; 	 e— e a

Hungarian data: 	 Domographic 	 .1.92, pp. 176-7.



Fertility ---------
Gamma functions 	 Hadwiger functions PolynomialAge

Version i Version 2 Version 3 Version 1 Version 2

Table 	 Norway 1966.
•

15 .......
16 .......
17
18 0410060 00

10 .......
20 .......
21 .......
22 000000*
23 .......
24 .......
25 .......
26 .......
27 .......
28 .......
29 .......
30 .......
31 .......
32 .......
33 .......
34 .......
35 .......
36 • • 0•00
37 .......
38 .......
39 • . •• . ••
40 .......
41 .......
42 .......
U. 	.......
L. 	.......

.00359

.01619

•04723

.08989

.12861

.14295

.17500

.17556

.18495

.18026

.20124

.18611

.16900

.14690

.13707

.12534

.11300

.10027

.10052

.08073

.06984

.06115

.05085

.04046

.03712

.02851

.02069

.01383

.00725

.00819

0.00276

0.02069

0.05080
0.0857

0.11938

0.14790

0.16941

0.18342

0.19033

0.19105

0.18674

0.17857

0.16769

0.15504

0.14145

0.12758

0.11392

0.10081

0.08851

0.07715

0.06683

0.05755

0.04930

0.04203

0.03567

0.03015

0.02539

0.02131

0.01783

0.01487

0.00476
0.02324
0.05236
0,08597
0.11268
0.14681
0.16837
0:18268
0.19001
0.19114
0.18715
0.17920
0.16841
0.15577
0.142'10
0.12810
0,11426
0.10098
0.08850
0.07699
0.06652
0.05713
0.04879
0.0i4 14 1:
0.03507
0.02953
0.02477
0.02070
0.01724
0.01431

0.04230
0.05634
0.07261
0.09063
0.10965
0.12869
0.14664
0.16233
0.17473
0,18299
0.18659
0.18535
0.17950
0.16954
0.15632
0.14076
0.12384
0.10652
0.08962
0.07379
0.05948
0.04690
0.03634
0.02756
0.02051
0.0jA97
0.01073
0.00755
0.00522
0.00354

0.00875
0.02519
0.05128
0.08344
0.11654
0.14605
0.16905
0.18431
0.19191
0.19275
0.18812
0.17938
0.10785
0.15462
0.14059
0.12644
0.11266
0.09960
0.08745
0.07634
0.06631
0.05734
0.04939
0.04240
0.03630
0.03099
0.02639
0.02243
0.01903
0.01612

0.02330
0.03928
0.05970
0.08323
0.10793
0.13163
0.15234
0.16854
0.17932

0.18441

0.18406

0.17894

0.16995

0.15811

0.14439

0.12969

0.11476

0.10019

0.08640

0.07369

0.06222

0.05205

0.04318

0.03554

0.02904

0.02358

0,01903

0.01527

0.01219

0.0C969

-0.01413

0.02979

0.06719

0.09847

0.12402

0.14424.

0.15952

0.17027

0.17686

0.17968

0.17913

0.17558

0.16941

0.16100

0.15072

0.13894

0.12603

0.11237

0.09830

0.08421

0.07043

0.05733

0.04527

0.03459

0.02564

0.01877

0.01432

0.01264

0.01405

0.01890

Female population in age-interval 15-44: 712 500

Constants:

071mma functions 	 Hadwiger functions 
Version i Vc . ion 2 Version 3 Version 1 Versiorr2

Pcdynomial

a • • • • . • • • • • • • • • • . . •

b ••• •• • • • • • • • • • 0 • •

0.009212 0.006
2.471 	 2.687

0.1J17
81.901

2.957
1.764

	2.827	 -0.065

	

2.896 	 0.545

(3.043)
1)

C • • 0 • • • • • •••••••••• 	 0.266
	

0.277
d •......•••• ***** •• -14.34095
e •-•.••••••••-•••

• • • 	 0.001180 0. 001 9 03

	

2 . 123
	

18.239

	

-25.243
	

-9.263

0.008489 0.001468

	26.71
	

-0.367

0.682

-0.107

	

0.003432 	 0.003341F.min. 2)

1) - The figure in parenthesis is í caicuirited by (2.4).
2) .Least sum of squares of dviations.
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16
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31
32
33
34
35

36

37

38

39

40

41

42

43

44

Age

Tabic 4. Oslo 19C6

Gar:ma 	 tfuncions 	 bacwig,er functions 	 •
Ferti ity V 	• T 7 l'Olynarn la!

- ersion : ,icrsion 2 	 Verslon J. Version 2

.00503 	 0.0110 	 0.00315 	 7/.02877 	 0.01664 	 0.01598

.01912 	 0.02430 	 (.015 -/i 	 0.038,5 -2 	 0 c02813 	 0.02740

.04187 	 0.04112 	 0,03534 	 0.0501C. 	 0.04301 	 0.04217

.06857 	 0.06046 	 -)G0 59 37 	 0.0:330 [4 	 0.06020 	 0.05936

.09560 	 0.08026 	00225J	 0.07674 	 0.07M3 	 0.07753

.09293 	 0.0985(J 	 0.1;)260 	 0.C9057 	 0.09582 	 0.09503

.11483 	 0.11394 	 0.1)319 	 0.1037C 	 0.11032

.11374 	 0.12535 	 0.12860 	 0.11531 	 0.1232 8 	0.12220

.12235 	 0.13243 	 0.1342E 	 0.12459 	 0.31141 	 0.13006

.11570 	 0.135211- 	 0,13542 	 0.13090 	 0,12534 	 0.13360

.15724 	 0.13417 	 0.13291 	 0.13383 	 0.13525 	 0.13304

.14035 	 0.12985 	 0.12753 	 0.13324 	 0.13161 	 0.12893

.13179 	 0.12297 	 0.12007 	 0.12925 	 0.12503 	 0.12107

.1.1. 6 6 6 	0.11428	 0.11123 	 0.12224 	 0.11640 	 0.11292

.09127 	 0.10443 	 0.10162 	 0.11277 	 0. 1 0 5 3 9 	0.10256

.09455 	 0•09401 	 0.09172 	 0.101 57 	 0. 09 5L00 	 0.09156

.08049 	 0.08351 	 0.08191 	 0,08934 	 0.08447 	 0.08049

.06923 	 0.07320 	 0.07247 	 0.07579 	 0.07370 	 0.06977

.07020 	 0.06 3 i 	 0.06357 	 0.0645 	 0.06352 	 0.05971

.06056 	 0.05467 	 0.05535 	 0.05305 	 0.0541 3 	 0.05052

.05328 	 0.04556 	0,0i78 0	0.04260	 0.04565 	 0.04230

.03916 	 0.03932 	 0.0412 	 0,03352 	 0.03815 	 0.03508

.02879 	 0.03295 	 0.03515 	 0.32594 	 0.03161 	 0.02884

.02261 	 0.02741 	 0.02989 	 0.0196! 	 0.02598 	 0.02352

.02611 	0.022 6Æ 	 0.02529 	 0.01 1- 	 0.02120 	 0.01903

.01760 	 0.0187.2 	 0.02131 	 0.01057 	 0.01719 	 0.01530

.01143 	 0.01521 	 0.017 3 8 	 0.00754 	 0.013r.)5 	 0.01223

.00410 	 0.0123 	 0,01405 	 0.0052 7 	n.01109	 0.00971

.00220 	 0.0090q 	 0.01245 	 0.00363 	 3.00884 	 0.00767

.00589 	 0.008011 	 0.01034 	 0.00245 	 0.00701 	 0.00603

-0.00605

0.02409

0.04979

0.07131

0.08891

0.10286

0.11343

0.12087

0.12544

0.12741

0.12704

0.12457

0.12028

0.11440

0.10720

0.09892

0.08982

0.08014

0.07014

0.06006

0.05014

0.04064

0.03179

0.02383

0.01701

0.01157

0.00774

0.00575

0.00585

0.00827
•

Female population in age-int(0rva1 	 .'‘P 992.

Constants:

Gamma zunctions 	 Hadwiger functions
	 . 	 Polynomial.Version I Version 2 Version 3 Version i Version 2

a •••••••••••••••• •

b 0009•••••0 ••04•0 100 •

C 0 • • • • .•••••• ***** .•
d •••••••••••••••• • .• -11.1333?,

F•min. 	 •• • • •- • • • • • • •
e • ••• 11 . • • • • • • • • ••• 	

0.002273

	0.134	 2.069 	 1.999 	 -0.041
	81.889	 ,-) ( f ol

	

,_-_-,- 	 2.953 	 , 	 0.373

(3.226)
1)

	0.27 3 	2.161	 22). 8 25	 26.54 	 -0.249

	

_ 	 -25.330 	 0.101 	 _ 	 0.451

	

...• 	 _ 	 - 	 ... 	 -0.053

	

0.002714 0.003513 0.002324 0.002505 	 0.002515

0.000076 0.004

4.766 	 2.721

1) See footnotes in table I.



0.000570 0,005 0.178

81.72S

2,043

2.533

	2 .739 	 -0.052

	

2.907 	 0.450

(3.076)
1)

a •••••..•••••••••...

b •• 4, • fik 41 • • 4 • 4 • • • • • • • 	 3.844 	 2.697

Age

Tablc 57 tavangr 1n6

.	 Ga= functions 	 Hadwiger functions
Fertility 	

on 	
-r------ Polynomial

v (rsi i Version 2 Version 3 Vorsion . Version 4
........................• •••••••••••••■••■•••••••••••••....................••••••••••••••■•, ••••••■ ••••••••••••••••.•■••■••■■•••••••-•••••••••■••••.••• 	 •••••••••••••••••• 	 •••••■••••■••••••••••••,•••••

15 •..0•••• 	 .00328
16 •••-••• 	 .02677
17 •••••••• s .03697
18 •••••••• 	 .07524
19 96•••••• 	 .14586
20 .•.•.••• 	 .12265
21 •••••••• 	 .15005
22 • 	 .17359
23 •••••••• 	 .13158
•24 •••••••• 	 .17438
25 -b.-- 	 .17843
26 •••••••• 	 .15886
27 „...••• 	 .17687
28 ...••••• 	 .16814
29 •••••••• 	 .18537
30 •••••••• 	 .13221
31 •••••••• 	 .11594
32 •••••••• 	 .09068
33 •••••••• 	 .08768
34 •••••••• 	 .07765
35 .•.•.••• 	 .06550
36 ••••-•• 	 .07362
37 ..•••••• 	 .03299
38 •••••••• 	 .02796
39 --ow .05081
40 0•.•.••• 	 .03018
41 •••••••• 	 .02994
42 •••••••• 	 .01255
43 	 .00729
44 ••••••.• 	 .00469

0.01181 	 0.00 ,102 	 0.0,c-n 	 0,01842 	 0.02028 	 -0.00930
0.02922 	 0.0».92 	 0.04944 	 0.03333 	 0.0347 0 	0.02862

0.050EM 	 0.053 	0.06 141 	 0.05305 	 0.05353 	 0.06149

0.07713 	 0.07960 	 0.0801 	 0.07628 	 0.07556 	 0.08953

0.10395 	 0.10572 	 0.09832 	 0.10093 	 0.09900 	 0.11296
0.1226F: 	 0.1163'3 	 0012476 	 0.12206 	 0.13201

0.1•937 	 0.5339 	 0.13377 	 0.14573 	 0.14257 	 0.14692

0.16487 	 0.1022 0 	0.14040	 G.:Le232 	 0.15905 	 0.15793
0.1747 	 0.1768 	 0.16252 	 0.17365 	 0.17053 	 0.16531

0.17914 	 G.172 	 0.17200 	 0.17950 	 0.17660 	 0.16930

0.1750 	 0.17792 	 0.17732 	 0.1C013 	 0.17742 	 0.17019

0.17380 	 0.17214 	 0.17817 	 0.17018 	 0.17353 	 0.15825

0. 16588 	 0.10345 	 0.17466 	 0.15251 	 0.16575 	 0.16377
0.15548 	 0.15274 	 0.16707 	 0.15804 	 0.15501 	 0.15704

0.14349 	 0.14077 	 0.1560C 	 0.1456 2	0.14225	 0.14837
0.13062 	 0.128 1 3 	 0.1 1,243 	 0.13226 	 0.12836 	 0.13807

0,11746 	 0.11550 	 0012709 	 0.11945 	 0.11408 	 0.12646

0.10448 	 0.10311 	0.11090	 0.10480 	 0.10000 	 0.11386
0.09202 	 0.09128 	 0.n9470 	 00',-3172 	 0,08657 	 0.10062
0.03033 	 0.03020 	 0.07917 	 0.07950 	 0.07411 	 0.08707
0.06955 	 0.06999 	 0.06484 	0.06830 	 0.06279 	 0.07357
0.05978 	 0,0 6071 	 0(05204 	 0.05321 	 0.05270 	 0.06047
0.05103 	 0,05237 	 0.04094 	 0.04925 	 0.04385 	 0.04816

0,04329 	 0.0 1 95 	 0.03150 	 0.04140 	 0.03620 	 0.03699

0.03651 	 0.0:-'.s3 	 0.02392 	 0.03460 	 0.02967 	 0.02737

0.03062 	 0.0265 	 0.01778 	 0.02°70 	 0.02416 	 0.0196 8
0.0255 6 	0.027E6	 0.01297 	 0.02377 	 0.01955 	 0.01432
0.02124 	 0.0233 5 	0.00930	 0.01956 	 0.01572 	 0.01170
0.01757 	 0.01964 	 0.0 0655 	 0.01003 	 0.01258 	 0.01224

0.01447 	 0.016!4-5 	 0.0044 	 0.01000 	 0.01002 	 0.01636

Female population in ag-interva1   

Constants:         

--,--- Polynomial
Version i Vcrsion 2 Version 	 'ersion i Version ')	 ••■■••••••■•••••••••••••■•• 	 •••••••■•••.•••••••••■••••••».•••■••••■■.•*••••••■•••••••■• ••••••■•■•••■••••.••••rr••.••••••••••.••••••.••••••■•.•  

Gamma runcl.-.ionT    1.-TaCtilio-cr functions

C .................... 	 0.317 	 0 .21.).::: 	 2.054 	 214.577 	 26.94 	 -0.272

d ................... -12.237W3 	 -25.694 	 -2.750 	 - 	 0.322

	

_... 	 _. 	 - 	 ._e . : .. 11 .....0000. 4. 0 er 	 0.339

Femin. 1 ..*PIPOPPeal o *	 0.007779 0.300140 0.01015 0.007968 0.008392 	 0.007932
	.••••••••••••••••••■•••■•■..n•.•••••••.•.••.“••••••••••••••••■••••••■••••

1) See footnotes in table I.
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Tabi 5- Tromso 196G

Gamma functions 	 Ila.-a]ger functions 	 .
Fertility

	

	 PolynomialVersion i Ver sien 2 Version 3 Version J. Version 2
Age

15 ........ 	 .01132 	 0.00000 	 0,0_ 1.02r- ': 	 i"..0795 	 0.00495 	 0.05033 	 -0.01047
16 ........ 	 .04264 	 0.04447 	 0.05902 	 0.09763 	 0,03480 	 0.07421 	 0.05731
17 ........ 	 .07744 	 0.00977 	 0.10357 	 0.11660 	 0.03817	 0.10081 	 0.11097
18 ........ 	 .12635 	 0.14752 	 C. 1 44C,7 	 0.13606 	0.14435	 0.12808	 0.15218
19 ........ 	 .21122 	 0.18392 	 0.17835 	 0..1.310 	 0.12919 	 0.15383 	 0.18250
20 04000000 	 .18950 	 0.20883 	 0.20315 	 0.1727C 	 0.21349 	 0.17617 	 0.20339
21 ........ 	 .32051 	 0.22350 	 0,2191i 	 0.18825 	 0.23347 	 0.19375 	 0.21623
22 ........ 	 .21515 	 0.22963 	 0.22707 	 0.2006C 	 0.23723 	 0.20577 	 0.22229
23 ........ 	 .22491 	 0.22898 	 0.22825 	 0.20944 	 0.23299 	 0.21204 	 0.22274

24 00000000 	 .16692 	 0.22310 	 0.22398 	 0.21412 	 0.22346 	 0.21283 	 0.21867

25 ....ow 	

1_4

.20385 	 0.21365 	 0.2.1556 	 021L50 	 0.21072 	 0.20877 	 0.21105

26 wow* 	 .17992 	 0.20157 	 0.20'4 	 0.21072 	 0.1962e 	 0.20067 	 0.20078

27 ........ 	 .19397 	 0.18791 	 0.19074 	 0.20304 	 0.12112 	 0.18946 0.18864

28 ........ 	 .13596 	 0.17340 	 0.170 1 3	0. 1:3202 	 0.16600 	 0.17605 0.17534

29 ...c.o.. 	 .20207 	 0.15865 	 0,10112 	 ..1.7n0 	 6.15135 	 0.16128 	 0.16146

30 ........ 	 .12255 	 0.14408 	 0.14609 	 0.10260 	 3.13, 7'45 	 0.14588 0.14750

31 ........ 	 .16854 	 0.13001 	 00 1.1.4 	 0.14572 	 C0.12444 0.13045 	0.13388
32 ........ 	 .08556 	 0.11605 	 0.1175C 	 0.12E3C 	 0.11241 	 0.11545 	 0.12090
33 000■0000 	 .12025 	 0.10413 	 0.10440 	 0.11121 	 0.13135 	 0.10122 	 0,.10877
34 00000000 	 .13366 	0 .09255 	 0,0226 	 0.0947E: 	 0.09126 	 0.08800 	 0.09760
35 00000,00 	 .09783 	 0.0192 	 0.08114 	 0.07048 	 0.0C2C9 	 0.07592 	 0.08742
36 000doots.41, 	 .09341 	 0.07225 	 0.C. ,7105 	 0.055 0 2 	 0.07',:',79 	 0.06504 	 0.07815
37 ........ 	 .04167 	 0,06351 	 0. ,..)619 	 0.05335 	 0.00629 	 0.05536 	 0.06960

38 wow. 	 .06030 	 0.05567 	 0.053'14 	 0.04273 	 0,U5953 	 0.04685 	 0.06151
39 ow.... 	 .06034 	 0.0486 0 	0i-»71 2 	 0.03372 	 C) .0534u 	 0.03943 	 0.05351

40 *woo*, 	 .03766 	 0. 04242 	 0.9 14025 	 0.02623 	 0.0!1-797 	 0.03302 	 0,04514

41 4tootireob. 	 .02463 	 0.03690 	 0=5 	 3.02012 	 0.04306 	 0.02753 	 0.03583
42 60000•00 	 4.01500 	 0.03203 	 0.(2975 	 r).0.]:.22 	 0.03865 	 0.02285 	 0.02493
43 00000000 	 .00901 	 0.0277 	 0.02548 	 0.01L 9 	0.03470	 0.01839 	 0.01169
44 ........ 	 .01081 	 0.02399 	 0.02177 	 L.0083 	 0.03115 	 0.01556 	 -0.00476

Female population in age-interv711 15-4 	 7 021

Constants:

-- Tr-admirer functions PolynomialVersion J. Versinn 2 l'ersion Version 1 Version 2
a

3.553
2.586
(2.707)1)

26,45

-9.094

0,922

a ........... ..... 0 	 0.05411E 	 0..024 	 0.215 	 3.891
	n 7 	 S21S 	 1-144b ............. ..... . 	 1.449

• 000004604946000 ..... AO	1.r)41	 17).002ç!..1.9(71

d 	 • -14. 90 99 9 	-24.5q?,	 -12.535
e ..../1 .........
F.min. 	 • . • • • . • • . • • . 	 0.0258 o, 327102 2 . 045 5 =:T

-0.886

3.168
-4.022

0.0268220.025333 0.036178

i) See footnotes in tabic i.



•, . 	 Gamma func- ions 	 Hadwiger functionsFertility Polynomial- Version L Ve -r,s1,.)n 2 Ver,sion 	 sion 1 Version 2

ILI

Table 7 ng,,ary 100i        

Age

15 • • • • • • *

16 • • • • • • 0

17 • • • • • • •

18 • • • • • • •

19 • • * • • • •

20 *• • • • 0 0

21 • • • • • • •

22 • • • 0 • • •

23 0 • • • • • •

24 • • • • • • •

25 0 • 0 • • • •

26 • • • • • • •

27 • • • • • • •

28
	

• • • • •

29
	

• • • • • •

30 • • • • • • •

31 • • • • e • •

32 • •• • • • •

33 • • • • • II *

34 • • • • • •

35 • • • 0 • • •

36 • • 0 • • • •

37 • 0 • • • • •

38 0 • 0 • • • •

39 • • • • • • •

40 • • 0 • b • •

41 • • • 0 • • 0

42 • • • • • • •

43 • • • • • e •

44 0000000

	.00410	 0.00000 	 0.0041e

	

.01430 	 0.01459 	 0.02275

	

.03980 	 0.04880 	 0.052G

	

.07760 	 0.08672 	 0.00500

	

.12290 	 0.11897 	 0,11580

	

.14660 	 0.1/4164	0 . 1303í

	

.16350 	 0.15415 	 0.1519

	

.16120 	 0.15769 	 0.15694

	

.15400 	 0.1541 7 	 0.15407

	

.14420 	 0.145 0 0 	 0.1503

	

.12870 	 0.13380 	 D.:.0542

	

.11320 	 0.12027 	 0,1213 8

	.10160	 0.10616 	 0.L0740

	

.08660 	2 .09228 	 0,09298

	

.07530 	 0.07917 	 0.07029

	.06650	 0.0 9 717 	 0.00672

	

.05660 	0.051r3	 0,05550

	

.04890 	 0.04700 	 0.0 4 569

	

.04290 	 0.0 3885 	 0,03727

	

.03650 	 0.03190 	 0.0301f2:

	

.03170 	0,92603	 0.0222

	

.02530 	 0.02112 	 0.02

	

.02440 	 0.01708 	 001502

	

.01 940 	 0.01371 	 0.01208

	

.01540 	 0.01097 	 0.00047

	

.01100 	 0.00975 	 0.00739

	

.00990 	 0.00005 	 0,0075

	

.00580 	 0.00551 	 0.0044 0

	

.00380 	0 .00.435 	 0.003'4 3

	

.00260 	 0.00343 	 0.00.93

0.03313

0.04733

0.08229

0.1022F,

0.12329

0.13577

0.147E,i

0.1520.5

0.15138

0.14418

0.13102

0.11621

3.09852
0.09050
0.063 113

0.04825

0,03545

02 512

0.01151

0.007 142

r2, J)0 1-“.5 1 ,

0.00281

0.00105

0.00095

0,00052

0.0002:).
0.0c:ni5

0.00008

0.00032

0.0020

0,03976

0.02,25
n

o .14710
0.1595'2,

0.160S5

0.15450

0.14349

0,13009

0.115a:

0.10190

0.08871

0.070, 65
n

0.05629

0,0 2 755
0,04073

0.03453

0.02q9i

0.0246

0.020K,

0,01756

OJ)1480

0.01247

0.01050

0.0M 2.4

(3 .00742
0.00620

).02124

0.03583

0.05400

0.07437

0.09466

0.11283

0.12714

0.13650

0.14054

0.1395)

0.13411

0.12534

0.11424

0.10184

0,08890
0.076n

0.06452

0.05372

0.04414

0.03584

0.02,978

0.02289

0.0180 4

0.01409

0.01093

0.00842

0.006q4

0.00489

0.00370

0.00273

-0.02608

0.02748

0.06914

0.10034

0.12244

0.13671

0.14436

0.14650

0.14415

0.13826

0.12969

0.11923

0.10756

0.09531

0.08301

0.07111

0.05997

0.04997

0.04101

0.03351

0.02742

0.02266

0.01912

0.01658

0.01475

9.01323

0.01157

0.00923

0.00556

-0.00013
••■•••• •••••

Female population in age-interval 	21-;2 00 0

Constants:

6amma ninc -1- Dns•_•...... 	 Polynomial
'V'er ,:;in 2 Ver sin 	 Version 1 Version 2

a .. el 0 0* • • • • 0 • • • • • • • 	 0.020013 	 ').00 	 0.1:i3 	 1.063 	 1.923 	 -0.093

b •••••••••••••• * • . 	 2.198 	 2.06 0 	 9 0.170 	 1,37 3 	3.081	 , 	 0.742
(3.069 

) L)
C . • • • • • 0 • • • 4 • • • • 0 • 	 0,A1.9 	 ,, 0.:30b 	 3.9i 	 1.2.,347 	 25.19 	 -0.752

d • • • • 0 • • • 0 0 4 0 0 0 it .. 	 -1.9.00000 	 -23.303 	 '3 048 	 ._ 	 2.751

e • • • 4.1 A • • • • • • . • • • • 	 -- 	
.. 	 _ 	 -3.454

F.min. 	 ••••••••• . 	 0.0006m). 2 . 0,91161 0. 999 2 9 	0.000168 0.005099 	 0.003610

1) See footnotes in table I.
2) This figure is only slightly largor thFin -15.
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Fig. 1. Observed and smoothed fertility. Norway, 1966.
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Fig. 2. Observed and smoothed fertility. Oslo, 1966.
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Fig, 3. Observed and smoothed fertility. Stavanger 1966.
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Fig. 4. Observed and smoothed fertility. Troms0, 1966.
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Fig. 5. Observed and smoothed fertility. Hungary, 1961.
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