


1. Introduction

1A, While cne would expect fertility to be a fairly smooth function
of age, the diagram of a set of obscrved age-specific fertility rates tend
to show a rather rugged curve, particulirly in small populations. (Sec o.g.
figure 4 below.) When it is recascnable to ascribe such ‘irregularities to
accidential circumstances, one may goet a petter picture of the underlying
fertility by fitting some nice mathematical function toc the observed values.

There are a large number of functions which could be fitted {o observed
age-specific fertility rates. In this paper we will give examples of the

fitting properties of some of +thesc.

1B. The problem arose in conncction with the making of population
projections for Norwegian regions (Gilje, 19€8)., As the fertility can vary
appreciably between the various parts of our widesprecad country, we wanted
separate fertility measures for cach of a number of small regions. The observed
fertility turned out to fluctuate quite a lct with age. and more in rcgions

with a small population than in regions with a larger.

O"

We have no reason to belicve that these “irrcgularities” are due to

fox

particular tendencies in the birth habits of the obscrved stock of women.
Therefore we ascribe them to chance fluctuations, and a priori assume that

the underlying fertility of thc nopuiztion in suchregions is a regular function

o

of some kind. This assumption should justify that wo try to fit a mathematical

B

function to the estimates, particularly for small populations. Here we of course
must use some discretion. When @ population is too small, the chance variations
will predominate, and a curve Fitied to such observed valucs have of course

little or no interest.

2. Some previous papers related o this problem

2A. Investigations on curve ficting tc age-specific fertility rates
have recently been made by Mitra (1967), by Keyfitz (1367}, and by Tekse (1967).
The latter two give references o many carlier authors.

In this paper, we shail tuake the studies bv Tckse (1967) and Yntema

(1953, 1956, and elsewhere) as our srarting point.
9 D X

2B. Yntema recommends using the following function, originally suggested

by Hadwiger (1940, 1341):

(2.1) h (%) eXp{—}_)";(.'E + i - 2)},
y : c
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Here x represents age attained, whilc a b and ¢ arce paramoeters to be fitted.
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If we let fx denote the observed feortility rete 2t age =, R, = I £ the
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corresponding observed gross foeriiiiiy rate, G T B f,and T = Rl/RO’
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Yntema would estimate the paramciers a and ¢ by

(2.2) a-= ﬁo and ¢ = T,

Q

respectively. H 3 suggestions for ostimators fer b amount 1o

(2.3) Bl = {IR
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as well as
(2.4) b= %(bl+b2)

with a preference for Here T is the integer valuc obtained by rounding of

> >
-
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T. The estimators a, bi’ and ¢ have been found by the method of moments.

Yntema (1953) also investigotes a y-function of the form

(2.8) v (x) = a(l + 3‘-11;-‘1 DC kg i-c(xwi)}

as well as that of a normal curvc., He considers the corresponding fit to this

Dutch data unsatisfactery. We will comment upon this latcr on (§ u4F).

2C. Tekse (1967, n. 194) finds the Hadwiger functicon of (2.1) wholly
unsuitable to represent his Hungarian fertility data, and prefers the v-function
in a form like
- o \b . 4 . 1

(2.6) YT(X) = a(x -~ 14)" expi-c(x -~ 1)},
As before x represents age attained, and a, b, and ¢ arc parameters to be
fitted. (The subtraction of 1l from x in (2.8) corresponds to moving the
origin up to age 14.)
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and estimates b and ¢ by the¢ method of moments and by the maximum likelihood

Tekse "normalizes® his rates to fz = %x/ﬁo, scts a =
method. He also lists an examplc where he claims tc have used the method of
least squares (Tekse, 1967, Table 1), but as the simpic sum of squares of the
deviations of his leasi squares fit cnceeds the corresponding sums of squares
when he applies the two cother methods o the same data. we do not understand
what his “least squares ' procolurce acruaily involves. As will be secn below,
we have calculated several least squarcs estimates by his data, and have get

quite different results.



Tekse (1367, p. L137) susecs i
may give a better fit to +the raroc
v-function of (2.6) may bc proioer

as well that Tat least ia Fuvownc.

the level of fertility on *the one hend and the relavive fertility invensities

of the various age groups, i.z. thoe form of the fertili'y function on the

other hand.¥ Our results scem to cast some further lisht cn these suggestions.
Tekse also considers some further functions, which we shall leave aside

herc.

2D. The estimating methods described in $% 2B 2nd 2C are by intention
convenient for use on a table-calcuiater as they involve only a fair amount
of calculating work. With the clecironic computers now available . it is however
largely possible to disregard probicme caused by laboursome calculations.
This gives us a much wider choicc of estimating procedurces.

As far as we can seg,nc particular advantage is gained by using the
method of momnents fully or partially. Tnstead, we have chosen the method
of least squares. Thus we have sclocle? those porameter values which minimize
the expression

Ly .
(2.7) F= £ (£ -f)
x=15 ° -
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where %x stilil represents the observed rate At age 2, and fy represents the
value at x of the function to be fittrad to the dara.

The algorithm used vc find ke minimum of T is described by Nelder and
Mead (1965).

We could alternatively have uscd the %7 minimizing methoed, but rejected
this because of the undesirably ;srcov weizbt laid upon ages with low fortility

by this method.

3. Choice of functions *o be fitted

3A. We have used threc versions of the gamma function. Two of these

build upon the formula
(3.1 v(») = a(x+d)b expl-c(xn+d) i,

and the third version is giver bw (2.5). (x is siill cge avtained, and a,b.c,

and d are parameters as beforc.)

x) Or alternatively a function due to Mazur.



The three versions arc
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Version 1: ~(x) with o.b.: ond 4 estimated by the
(L3,

3

481, while d was

Version 2: v{(x) with a,b, and =
fixed at -1%, and

the LSM,

Version 3: v _(x) with o .L.c,and d

We observe thai version 7 is that Z7) given by (2.6).

Versions 1 and 2 cannct be transformed inte cach other by simple paramcter
>
transformations. To obtain V(x)”>0 for all x=1S5, wu shall require that d>-15

everywhere,
3B. A simple extension of +the function given by (2.1) results from

adding a new parameter d to 2, This gives

(3.2) h(x) =

We have used two versions of this peneralized Hadwiger functiom, viz.

Version 1: h(x) with o,b .o, aad 4 estimeted by the LSH,
and
Version 2: h(x) with b estircied by the LSH. d fized at 0 and a and

c estimated by (2.2).

Bl

3C. The last function wo
polynomial of the form:

-1 v il C C St .
(3.3) p(x) = atb 10 “(x-14) = ¢ LU "{x-18)" 4+ 4 10 u(x~i4)3 + ¢ 10 C(e-14) .

In this context p(x) has the

certain combinations of x and the pavameters a, b, ¢, 4. and ¢. Again ue

require that d»-15 everywhero,

3D. We have also made some trial calculaticns on the beta function

(Pearson I) and the Pearson IV fun~ticn.

results, so we left them aside.

I, Application to our data

YA, We have Titted the funciions given in & 5 to data from five
(

different sets of fertility raitez, viz. 1961 data for Hungary (Tekse, 1967,
P. 194) and 1966 data for Norwny ~nd for the threce NHorwvesian municipalities

fic

P

of Oslo, Stavanger, and Tromsg. In «li cases the rates given are age-spec

+

female fertility rates for



The observed gross fertiliiy rates for the five pooulations have been

o . h
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listed in column 2 in Zables $ ic 7, In colusms 3 1o 8, we have given the

A
=

fitted function values. Below thesc columns, we have lisved the parameter
valuecs obtained 23s well as the corresponding le sums of gquares of deviations,
i.e, the minimum of ¥ in (2.7).

The observed fortility oovoes and +the fitved Hadwiger curves have been

P

drawn in figures 1 tc 5. Somc of our findings have been summarized in table 1.
In table 2 we have listed the size of the five female populations in
question. We see that they vary greatly and that the fit increases strongly
with the size of the population. Yo aiso see that the Fertility varics appre-
ciably both as to fertility level and s tc skew «f the observed fertility
curve,
(We have also made calculations on Swiss data for 1837 given by

Hadwiger (1941, p. 33). This gave nothing new, however, and we have not

v4
9]
<
c
-
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included the results here.)

4B. The tables show thot #he v best alternatives are either version

it
1 of the gamma functicn or version L of the Hadwiger function. For the data
from Hungary and Tromse. the Hadwiger function 1is hesi, while the gamma function
is best for the data from Stavanger, Osic and Norwav, The difference is small
in all cases.

Thus while the seccnd Hadwiser function gives @ bad-fi+ to the

Hungarian data, as chserved by Toikse (1967) already, version 1 actually gives
i o =2
a very good fit.
¥le cannot find any conncciicn between the fertility level, as measured
-]
A
by RO’ and the choice between ©The Two besi functionz. On the other hand the

>

form of the fertility curve scems o have some effcci, as hypothesised by

Tekse (ef. § 2C above). 1t iz noteble that the fertility curves for the

populations of Hungary and Tromsz are skewer chan fer the others.

4C. The parameter d appears as a measure of the skew of the gamma
function. In our data, ¢ in verszion L ¢f this funcvion varies in the range
between a value slightly exceeding 1% (for Hungary) and a value of -11.13
(for Oslo). It is clcse te its Lovwer bound of -1i5 in the nopulations with a

skew fertility curve.

4D, Similariyv 4 is a measurce of The skew of the Hadwiger function in

(3.2). (Cf. table 1 =an? the figures.)



On comparison of the twc versions ¢f the Hadwiger function the examples
make it quite clear that the 2Fffcct of letting d vary is very strong. Ve
see that d in vepsion 1 lies in the interval between -13.048 for Hungary and
0.101 for Oslo. The corresponding differences betwcen the 'F.min. '-values
of versions 1 and 2 vary from 530.4 per cent to 7.8 per cent of “F.min."
if version 1. '
Figures 1 to 5 show the¢ two versions of the Hadwiger function together
with the observed values. We scc that the mere skew the fertility curve is,
the better are the relative mcrits of version 1. On the other hand, the right-
hand tail of version 1 can be quite “heavy'’. This is presumably the price we

have to pay for the better smoothing ai the lower ages.

4E. In table 1 we have listed the values of ¢-d and T in the two versions
of the Hadwiger function. It wili he seen that c-d and T are of the same
size order. We have not been ablic vo explain why this should be so.

From tables 3 to 7 we ses ihev corresponding a ¢f the two versions
of the Hadwiger function are not mich different, while the b of version 1 can
be much smaller than the corrcspondins b of version 2., particularly for skew
fertility curves. In the Norwegian data, formula (2.4) tends to overcstimate

the corresponding least squares cstimate of b by 5 to 10 per cent of the latter.

For the Hungarian dara, the differunce is negligible.

4F, We see that varsion 3 of the gamma function is a somewhat un-

fortunate alternative. We have inciluded it for compaiison only.
T y

4G. The polynomial has the undesirable property of giving negative values
for the age 15 and in some cases for the age 44, Thiz can of coursc be corrected
for by replacing all negative valueg by rmero.

The fourth degrec poliynomial does not give the best Fit in any of our
examples. Even so, the fit is gquitc gecd for soume data sots.

"L

5. Conclusions

On the basis cf the investipgaiions reported chove, we draw the following
conclusions,

(1) The inclusion of the age-correcting pavameter d in (3.1) and (3.2)
may lead to a substantial increasc in the fit, as measured by *the least sum of

squares of deviations.



(ii) On the basis «<f our rosulis. it is d

~icul i to choose between the

best versions of the gamma and ili: Hadwigoer functions. It seems possible

that the latter may be the bevteor fou skew Ffertility curves while the former
may be preferred for more symmeiric curves. In any casce the difference in fit
seems small.

{iii) If one prefers a zimple functional form rather than the very

best fit, a polymonial of v least fourth degree 1s o reasonaple



6.

Tables and figures

Least sum of
squares

fion,multl.

o~
QI

Hadwiger function

Jersion 1 Jers

ion 2

Samma b - - PR —— Y
o . , , Ra a c-a i
N Versicn 1 ¢
Horway ceevoncecens 1l 183 1 68 2.83 =G.3 27.5 26.7
y

0S10 evesenssocanas 2 273 z 32u 2,00 O.i 26.7 26.5
Stavanger ..:ce..... 7 779 7 963 7.73 ~2.8 27.3 26.9

H IR RN R L2 S ‘_\., 3..)/; J.:'L‘ =L Crog ! 1..\.:.5
Tromse 25 856 3 £ L2 28.7 20
Hungary eoeveenn..s 5652 158 L.92 130 25.7 25.1

Table 2
Region Number of uomen in
g1or the ace intorvol 15-44
NOPWRY wcceeareasnssoscnncanennns 31 ¥IT 186% 712 500
OS10 ceeeviscneennsonnaoccoanonnns 98 992
STAVANGEY tevevoencnreoroncsans 15 866
TIOMSD eoveeereconnose vecannon 7 021
HUNGary c.eeseveesescanaesecencs IS BN A1 25 1 2 142 0066
Sources: Norwegian data: KOS . 222,
Hungarian data: .M. Demographic Yearbhook, 1962, pp. 17€-7.



Table T: lorway 1866.

Gamma functiocns Hadiriger functions .
ty : = : = : 7 : - : Polynomial
” Version 1 Version 2 Version 3 Versicn 1 Version 2

15 «oueens .00359 0.00276 0.00476 0.04230 0.00875 0.02330 -0.01413
16 veeaane .01619 0.020€9 0.02324 0.05634 0.0251¢ 0.03928 0.02979
17 eveuen.. . 04723 0.05080 0.05236 0.07261 0.05128 0.05970 0.06719
18 e .08989 0.08576 n,08597 0.090¢3 0.08344 0.08323 0.098u7
19 ..., .12861 0.11938 0.11868 0.109G5 0.1Li054 0.10793 0.12402
20 cieenen 14295 0.14790 0.1h5681 0.12869 0.14€05 0.13163 0.14424
2L ceeenne .17500 0.16941 0.16837 0.14664 0.,16905 0.,15234 0,15952
22 cieenen .17556 0.18342 ¢.182¢68 0.16233 0.18431 0.16854 0.17027
23 coven.n .18495 0,19033 0.LlS001 0.1747 0.19191 0.17932 0.17686
24 cieesen .18026 0.1910%8 0.19114 0,18299 0.19275 0.18441 ~  0.17968
25 (iieee. .20124 0.18674 G.18715 0.186538 0.18812 0.18406 0.17913
26 c.eaeen .18611 0.17857 0.17920 0.18535 0.17938 0.17894 0.17558
27 cieeonn .16900 0.16763 0.16841 0.17950 0.16785 0.16995 0.16941

0.1

0.1

0.1

0.1

0.1

Age Fertili

7
28 ceseenn 14690 0.1550U 0.15577 16954 0.15462 0.15811 0.16100
29 (.eeenn 13707 0.14145 0.14210 5632 0..14059 0.144338 0.15072
30 ceevees .12534 0.12758 0.12810 076 0,12644 0.12969 0.13894
31 coveeen .11300 0.11392 0.21426 384 0.11266 0.11476 0.12603
32 cieeenn .10027 0,10081 {,10098 10652 0.09960 0.10019 0.11237
33 teeenns .10052 0.08851 0,08850 0.08962 0.08745 0.0864%0 0.08830
3 tieeeen .08073 0.07715 0.07699 0.07373 0.07634 0.073¢9 0.08u421
35 cieeens .06¢C84 0.06683 0.06652 0.059u8 0.06631 0.06222 0.07043
36 tooevan .06115 0.05755 0.05713 0.0469C 0.05734 0.05205 0.05733
37 veeeres .05085 0.04930 0.04879 0.33634 0.04939 0.04318 0.04527
38 teeenen L 040u6 0.,04203 0.041u6 0.02756 0,04240 0.03554 0.03459
39 c.e0ee. .03712 0.03567 0.03E07 3,02051 0.03630 0.02304 0.02564
O c.eeene .02851 0.03015 0.629z3 0.01497 0.03099 0.02358 0.01877
L .02069 0.02539 0.020477 0.01073 0.02639 0.0QL903 0.01432
U2 c.eeens .01383 0.02131 0.02070 0.03755 0.02243 0.01527 0.01264
43 ....... .00725 0.01783 0.0L724 0.00522 0.01903 0.01219 0.01405
By ... .00819 0.01u87 0.01431 0.00354 0.0l612 0.0C969 0.01890

Female population in age-interval 15-U4: 712 500

Constants:
o Comma functions Hadwiger functions ., . _ .
Version 1 Version 2 Version § Version 1 Version 2 Polynomial
2 0.008212 0.006 0.187 2.957 2.827 -0,065
o S 2471 2,687 81.901 1.764 2.8986 1) 0.545
(3.043)

C esesscssccsessvcncae 0.266 0,277 2,123 18,239 26,71 -0.367
A teveeoocosccnnneess —LH.3:0U5 - -25.243 -9.,263 - 0.682

€ cesscessscsssonsse - - - - - —0'107
Fomin. 2) veiveennns 0.00L183 0.001203 0.008489 O;?OIHGS 0.0G3432 0.003341
[

1) The figure in parenthesis is b caiculated by (2.4).
2) Least sum of squares of deviations



Tablc 4. (Oslo 190€

Gons liadwiger functions ; .
functions _. hadwl Lr_fJ ctl S_ polynomial
2 Version ¢ Version 1 Version 2

- P
<30 GO

Age Fertility

Version i

15 .eoees .00503 0.01152 031 5.0287" ¢,0L664% 0.01598 -0.00605
16 ceeeee .01912 0.022430 i.0La7] 0,0385¢8 n.02818 0.02740 0.02409
17 eeees 04187 0.041L2 0. 03534 G.05010 C.04304L 0.04217 0.04979
18 .e.een. . 06857 0.08046 5.058327 ;.b'?(‘ 0.00602G 0.05936 0.07131
19 seines .09560 0.08025 0,0825% L0767 (G.07333 0.07753 0.08891
20 beeeen .09293 0.098%5y 0.10260 u.C”“'? D 09532 0.09503 0.10286
21 ceeeon L11u83 0,11334 0.11i818 0, 1037¢ 0111y 0.,11032 0.11343
22 eveen «11374 0.12535 0,12860 0.11531 0.12323 0.12223 0.12087
23 teeoon .12235 5.13243 5.L3482C 0.1.245% 0.311k1 0.13006 00,1254k
24 ..., 11570 0.13524 0.1354¢ 0.13095 0.12534 0.13360 0.12741
25 cieene 15724 0.13u17 0.13291 0.13383 0.L1352% 0.13304 0.12704
26 J..en .11035 0.12935% 0.12753 0.13324% 0.13161 0.12893 0.12457
27 cienen 13179 ¢.12297 G.L2007 6.12925 0.12502 0.,12197 0.12028
28 ...... 11866 0.11428 0.11123 0.12224 0.11¢40 0.11292 0.11u440
29 ..., .09127 O lﬂuho 0,10162 0.11277 0,10622 0.10256 ¢.10720
30 ceenn 09555 {.09L0L 0.09172 O.;Olg7 0.0454¢8 0.038156 0.09892
3L tecens . 08043 0.08351 0.081L91 0.08334% 0.,08447 0.08049 0.08982
32 cieeen .06923 0.0732% 0.07247 0.07679 .07270 0.06977 0.08014
33 ceaene .0702C 0.063%1 0.06357 O 06454 0.06352 0.05971 0.07014
34 eeenn . 06056 0.05467 0.05535 .05305 0,05413 0.05052 0.0600€
35 ceenne .0532¢8 0.04556 0,0i:786 0.0UZﬁu 0.0i4566 0.04230 0.05014
36 ceoenn .033815 0.03932 GLChi13 0.03362 0.03815 0.03508 0.04064
37 ceeeno . 02879 0.03285 40,0301t 0.0259h 0.63161 0.0288L 0.03179
38 ..e..n .02261 0.02741 (,02989 C.019G1 0.02598 0.02352 0.02333
39 (eeeen 02614 0.C226C ¢.0252¢9 0.031uak 0.021290 0.01903 0.01701
O coenes .01760 G.0Ll8%% “?LCL 0.01057 ¢,01719 0.01530 0.01157
4l ceene .01143 0.0152% \.G¢768 0.0075%& 0,013235 0.01223 0.00774
42 Leenes .00410 0.0123=% 0.01495 G.0052°2 0,01109 0.00971 0.00575
43 ... .00220 5.00909 0.01245 0.,00363 3.00884 0.00767 0.00585
by ..., .00589 0.0080k 0.01034 0.00245 0.00701 0,006C3 0.06827

Female population in age-interval 15-bit: 92 §92,

Constants:

Camma <unctions Hadwiger functions .
Version i Version 2 Versicn 3 Version 1 Version 2 Polynomial
5 2.000075 0.00% 0135 2,069 1.999 -0.041
o 4,786 2,721 £1.8829 2,021 2.953 1) 0.373
(3.226)
C teevsncsscencscncns 0.36% 0,273 2,161 25.825 26,54 -0.249
d seeseverneareeesen. ~11.13332 - -25.330 0,101 - 0.451
e R FEAEARRERRERE -~ - - - - -(,053
FeIN. " " eeeveccoansse 2,002273  5.002714 0,003513 0,00232 0.002505 0.002515

1) See footnotes in table 1.



Table 5

Age Fertility ——— - 'Tikalorﬁ _ Hadwiger functions Polynomi;;

Jersion J Vgr"run 2 VL ;Eii;ijlf‘lC“ 1 Versicn 2
15 cecvnnns .00328 0.01181 U.00402 0,0508% C.0L8L2 0.02028 -0.00930
16 cieccnne .02677 0.02322 0,00093 0.0u944 (,03533 0.03u7"% 0.02862
17 teeeeeee * 03697 0.05080 Q.04553 0,084 1k 0.05308 3.065353 0.06149
18 ceeeenen .07524 0.,0771L3 0,075649 G.080G! 0.07628 0.07556 0.08953
19 ceeeenes . 14586 0.L0395 0.3i0872 G.CY832 0.100983 $.099C8 . 0,11296
20 cevesece 12265 0.12a368 N.,1522% C.11G3% 0.12L7¢C 0.12206 0.13201
21 teeiaees 15065 0.1i4937 0.1533G 0.,13377 0.14573 0.14257 0.14692
22 ceviennn .17359 0.16487 0.15225 0. 14249 G LE232 0.15905 0.15793
23 teienens .13158 0. 1747 0.17688 0.i6252 0.L7365 0.17053 0.16531
24 cieeeenas ,17u38 0,L7914 SRSV 0.172020 0.17950 0.1L7660 0.16930
25 ciienene .17843 0.1.7280 G.l 792 0.17752 6.L2n13 0.,17742 0.17019
26 veerenee .15886 0.17386 J.17214 0.17817 0,17:18 0.17353 0.16825
27 ceeerene .17687 (.16588 O.iGBMS J.L7466 0.13851 0.16575 0.16377
28 ceenoans .16814 C.15548 0.15274% 0.167037 0.15804 0.15501 0.15704
29 teeienes .18537 0.14349 0.14077 0,.156Q0¢ 0.14568 0.14225 0.14837
30 ceveenoe .13221 0.13062 0.,1281% 0.1L245 G.13226 0.12836 0.13807
3 .11594 0.L1745 0.11550 0.12708 0.11845 C.11408 0.12646
32 ceeensee . 09068 0,104u48 0.10311 0.11090 0.10480 0.100C0 0.11386
33 tieeanen .08768 0.08202 0.09128 C.09470 0.08172 0.08657 0.10062
Y veennnes .07765 0.08033 0.08020 ¢.07917 Oa07950 6.07411 0.08707
35 tevevnen ., 06550 0.06955 0,06999 J.06u8Y4 3., 06830 0.06279 0.07357
36 seaecnes .07362 0,05972 0.08071 0.0520C4 O 05821 0.05270 0.06047
37 teeneaes . 03299 0.051C3 0.05237 0.0L09L 0.0H925 0.04385 0.04816
38 ceevvven .02796 0.04329 0.0LLaR 0.03159 0.04140 0.03620 0.03699
39 tiinoens . 05081 0,036E51 0,02834 0.02392 0.03460 0.02967 0.02737
U0 cvvevese .03018 0.03062 0.03265 CL,0L778 0.0287% 0.02u1l6 0.01962
Bl cevecens .02994 0.0255¢ L2788 C.01L2e7 0.02377 0.019855 0.01432
U2 teeeceas .01255 0,02124% 0,0233% 0,00930¢ 0.0195¢& 0.01572 0.01170
U3 tevoenne .00729 G.01757 O,OLQEU GL.0NESS C.01503 0.01258 0.01224
Bh eeeonne . 00469 0.0cLulL7 0.0L040 0.00454 0.015C09 0.01002 0.01636
Female population in age-interval 15-it: L5 uf
Constants:

Gamma funciions Hadwiger functions . ..

Version L Version & Jorsion & Vorsion 1 Version 2 Polynomial
D secesocessevescsvaos 0.000570  ¢.005 0,178 2.043 2,732 -0,052
D tececeancscocronces 3,844 2,647 81,728 2.533 2.907 1) 0.459

(3.076)

C esesoocsassasnnanas .317 0,205 2.084 24,577 26.94 -0.272
G teeosacresconsaecas —12,23782 -25,694 -2.750 - 0.322
] St 5 LAALARREREREY - - - - - 0.339
F.min. ebevresssaans 0.,007779 0.308140 C©.010L85 0.007858 0.008392 0.007932

1) See footnotes in table 1.



fn iger functicns
Age Fertility —3 wmeVueon2“memmi
15 ceccoonve .01132 C.00%00 0.01L026 0.,0795¢ 3.00u85 0.05038 -0.01047
16 vevoeens . Cu264 0.0444/ 102 (.09753 0.034890 0.07421 0.05731
17 ceevenns 07744 0.09977 357 0.11660 0.03817 C.10081 €.11097
18 ceevonee .12635 G.Lu752 7 0.436006 0,.14435 0.12808 0.15218
19 teeenenns 21122 0,18392 0.17835 0.1%510 0.13919 0.15383 0.18250
20 ticecans .18950 0.20883 0,20315 0,1727¢2 J.21845 0.17617 0.20339
21l ceevoces .32051 0.22350 0.21°214 {0.18825 0.23347 0.19375 0.21623
22 ceiioeens .21515 0.22963 0,227C¢7 G5.20062 0.23722 0.20577 0.22229
23 ceeecoce .22491 0.2289¢% 0.2282%5 0.,20044 0.223299 0.,21204 0.22274
24 s ieevean .16892 0.22318 0.223498 0.21412 0.,2234¢€ 0.21283 0.21867
25 ceeeocnes .20385 0.2136% (,21556 0.21450 0.21072 0.20877 0.21105
26 tiiieene .17992 0.20157 0.2CH LI 0.21072 0.1962¢ 0.20067 0.20078
27 ceecnnes .19397 0.18791 0.19074 G.20304 0.18112 0.18946 0.18864
28 ceoecese .13596 0.17340 0,17G18 0.19202 C.1E600 0.17605 0.17534
29 teeeenns .20207 0.1586%5 0.16112 N,L7930 U.15135 0.16128 0.161u46
30 eeecenes 12255 C.1u4408 £.1626C 0.13740 0.1458¢ 0.14750
3l seecenns .16854 N.130C1L G.14572 O .Ll2858 0.13045 0.13388
32 crennnen . 08556 0.11605 0.1283C D.il1241 0.,11545 0.1208¢0
33 teeenens .12025 0.10413 0.iii2%L .10135 0.10122 0.10877
4 v nenns .1336€6 0.09255 Q.09u7E 0,09126 ¢.08800 0.09760
35 teeecnon .G9783 C.08192 0.0734¢ 0.06209 0.07532 .0.08742
36 ceseenee 09341 0.07225 2 C.07579 G,06504 0.07815
37 cevecenn LOL1G7 C.06351 SN 5 0.06629 0,05536 0.06%860
38 ieeonen .06039 Q5587 0,0k273 0.0 3 C.0u585 0.06151
39 teiennes 06034 0.0486C 72 G.0534L G.03943 0.05351
U0 veeevnns .03766 0.0u2u2 2623 0.04797 0,03302 0.0451Y4
B tececocs . 02463 0.03620 2012 ¢.0u306 0.02753 0.03583
B2 heeveens .0150¢ 0.03203 1802 0.03865 0.02285 0.,02493
B3 seeevene .00901 ¢,0277L 0.0LL30 G.03479 ¢.01889 0.01169
Bh iieeone .01081 0.02399 £.0383H 0.03115 G.0L5556 -0.004768
Female population in age-interval L1G-4b 021,
Constants:
tions Hadwiger functions Polynomial
Versicn EN VQColOL 2 Version 3 Version 1 Version 2
@ eeccesacroesssesess 0.05411s o, 0.215 3.881 2.553 -0.094
o 1449 i £72.510 I RS 2.5886 . 0.922
(2.707)*’
C sevesscueasssscsese BN RYIE .2¥3 1.641 15.092 26,45 ~-0.886
A veeeenvnenenceanee. =LH,59559 - 74,597 ~-12.,585 - 3.158
e ERRS D ERRRRRREER R - - - - ~-4,022
F.min. ) coeresnanans J.025850  0,027162  0.045542  0.025333  0.036L78  0.026822

1)

See footnotes in
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Tablc 7.

riger functions
1 Version 2

Age Fertility Polynomial

Version 1 °

15
16
17
18

®ees oo

"o s e 000

eos e s ase

sec s s

L0040
.01h30
.033980
.07760

0.,00000
2.,0LE5S
0.048890
J.08E72

0.11584

LGL733
0, 00435

0.08228

PR
0.,00032
p m‘*m

Vel

0.53878
0.063288

2.02124
0.03583
0.05uC0
0.07437

-0.02608
0.02748
0.06914
0.10034

19 coennn. .122390 0.11897 ).1022 C..212z 0.09us6 0.12244
20 ceeonen 14680 C.1lL164 3.136326 0.12129 0.1471% 0.11283 0,13671
21 cevene. .16350 0.15415 0.,15193 0.138677 0.15855 C.12714 0.14436
22 ceenone .16120 0.15768 0.1569: OL.1BT76L 0.L6085 0.13650 0.14650
23 caeenen .15400 0.15417 D.154%67 0.,15265 G.15450 0.140C54 0.10415
24 ..., L8420 0.14556C 0.L1455463 0.15138 0.14349 0.13951 0.13826
25 cveennn .1287¢ 0.13380 J..25548 O.14412 2.13009 0.13411 0.12969
26 ceveens .11320 0.12027 0.12138 0.13138 0.,1158¢ 0.12534 0.11923
27 cevenne .1016C 0.10615 0,L30740 0.11621 ,10130 0.11424 0.10756
28 cieenen .08660 7,09228 0.09298 0.093562 0.08871 0.1018%4 0.09531
29 cerienee .07530 0.073917 0.27929 0.0%05C 0.07665 0.088299% 0.08301
30 caouene .06650 0.06717 0008672 0.,06343 0.06883 0.07634 0.07111

31 ceeeen. . 058660 0,05643 J.05550 .0u825 0.05629 0.06452 0.05997
32 tevnnns .04890 0. 047GC SPRAL 0, 03545 C.ONT7G9S 0.0537%Z 0.04937
33 teeenee LOu290 0.,0588¢% 0.0372 n,0251¢8 0,0u073 0.0LL1Y 0.04101
G 1 .03650 0,0318¢ J.03 C.oi72e 0,03453 £.03584 0.03351
35 Leeeee. .03170 C.02e0¢8 { G 21101 G.n29z1 0.02878 0.02742
30 cecvene .02530 2.021412 G, 00742 G.02460 0.02289 0.0226¢
37 toeeeen . 02440 3.0170¢ SLIGIN 0,02083 0.01804 0.01912

38
39
40
41
42
43

ov o6 9o

s e ocevoe

®ses o0 eo0

*e 00 00w

o e s e e v

L0150
L01540
.01100
.009980
.0053¢
.00380

0.01371
0.01097
2.00875

739
0. ,rr7
0., 000hLY
0,00343

J.0L175¢
O.0LE8D

0.01247
2,0L050
G,.0008u
0.0074L

0.C1u4GS
0.01093
£.008u?2
J.00644
0.00489
2.00378

0.01658
0.01u475
¢.01323
0.01157
C.00923
0.00556

BY eeeeen . 00260 0.00626 0.00278 -0.00013
Female population in age-interval Lo-Ui: 2 LhZ (0D
Constants:

Gamme Functions Hadwiger functions . .

= = e - z Polynomial
Z Version ' Vepsion 1 Version 2

d acoecesnccacsssacs O.JGS 1.063 i.uzJ —00093
b e s e vesesesseeaveee Q?o 7ﬁ 1\373 Ugl 00740

c
d
€
F

.min.

LI I A I I AR I ]

s 02000000 an e

e oo )-0-.;-.--..

LR SN A

1, 0008668

~
L2.5h
oY
i

i
L3.048

(3.ool)l)

25.19

$5.00609

&

1) Sce footnotes in

2) This figure is only s
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— QObserved fertility
- - - Hadwiger ver1

.+ .-- Hadwiger ver 2

Fig. 1.

Observed and smoothed

25 30
Age of mother.
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fertility, Norway, 1966.
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—— Observed fertility
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------ Hadwiger,ver.2
150
100
050
s . 2 . 2 3% 3% 40 4

30
Age of mother

Fig. 2. Observed and smoothed fertility. Oslo, 1966.
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Fig. 3. Observed and smoothed fertility. Stavanger 1966,
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Fig. 4. Observed and smoothed fertility. Troms¢, 1966.

250

— Observed fertility

R DR - =-=-Hadwiger ver1
/ R ...--Hadwiger ver 2
\
7 \
\
’ . RN
) IR
/ "
20— — o — \— N\
! .- e
] : Ay
, 4
’ \ -
’ . \ -
" \ ~
. \
‘ .
gy \
150 o - \ L
! . \ .
I..
1] "
] > B
D \ -
I, N
r \
! N\
J N
-l \.
oH—""—+ N
. S
'. i '.'\\
: ] e N
S RN
i s
R "N
. ' . N
l. \
. ~
. ~
'- ’ . \\
050 /. —\~
.. \\
- ~
A '. -~
} o s
[ . T
f}
A .
» ‘"
14
4
— — —Age of mother
o 7 . e T A

15 i 20 © 25 30 35 ) 40



—— Observed fertility
-~-= Hadwiger verl
------ Hadwiger ver.2

Fig. 5.
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Observed and smoothed fertility.
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Hungary, 1961.
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